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Abstract 



This paper is a written form of a talk. It gives a review of various notions of Galois (and 
in particular cleft) extensions. Extensions by coalgebras, bialgebras and Hopf algebras 
(over a commutative base ring) and by corings, bialgebroids and Hopf algebroids (over a 
non-commutative base algebra) are systematically recalled and compared. 
In the first version of this paper, the journal version of fl5l Theorem 2.6] was heavily used, 
in two respects. First, it was applied to establish an isomorphism between the comodule 
categories of two constituent bialgebroids in a Hopf algebroid. Second, it was used to 
construct a Morita context for any bicomodule for a coring extension. Regrettably, it turned 
out that the proof of 11151 Theorem 2.6] contains an unjustified step. Therefore, our derived 
■ results are not expected to hold at the stated level of generality either. In the revised version 

\Q . we make the necessary corrections in both respects. In doing so, we obtain a corrected 

version of (5J Theorem 4.2] as well, whose original proof contains a very similar error to 
q ' HU Theorem 2.6]. 

t> ' 
o , 

^ ; Introduction 

The history of Hopf Galois extensions is nearly 40 years long, as it can be traced back to ETI . 
Since then it is subject to a study of always renewing interest. There are several reasons of 
this interest. First of all, the algebraic structure is very rich. It has strong relations with the 
problem of ring extensions. It is connected to (co-)module theory and a descent problem. On 
the other hand, Hopf Galois theory unifies various situations in an elegant manner. It is ca- 
pable to describe e.g. classical Galois extensions of fields or strongly group-graded algebras. 
Another application of fundamental importance comes from non-commutative differential ge- 
ometry. From this latter point of view, a (faithfully flat) Hopf Galois extension is interpreted as 
a (dual form of a) non-commutative principal bundle. 

Although the theory of Hopf Galois extensions was very fruitful, the appearance of non-fitting 
examples forced it to be generalized. Generalizations have been made in two different direc- 
tions. In one of them the coacting Hopf algebra (or bialgebra) was replaced by a coalgebra. 
Since this change results in loosing the monoidality of the category of comodules, the notion 
of a comodule algebra is no longer available. Still, the essential features of the theory turned 
out to be possible to maintain. The notion of a Galois extension by a coalgebra appeared first 
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in ll34l and then in ifTTl . The most general definition, which will be used in this paper, can be 
found in the paper [fT6l by Brzezihski and Hajac. 

In another direction of generalization, initiated by Kadison and Szlachanyi in E71 . the coacting 
bialgebra was replaced by a bialgebroid over a non-commutative base algebra. Although in 
this case monoidality of the category of comodules persists, non-commutativity of the base 
algebra results in a conceptually new situation. While modules over a commutative ring form 
a symmetrical monoidal category, the monoidal category of bimodules for any algebra is not 
symmetrical. 

The two directions of generalization can be unified in the framework of extensions by corings. 
The aim of the current paper is to review all listed notions of Galois extensions. We would like 
to show that - after finding the proper, categorically well established notions - the theories over 
commutative and non-commutative bases are reassuringly parallel. 

All Galois extensions in this paper are defined via bijectivity of a certain canonical map. In 
the literature one can find a further generalization, called a weak Galois extension, where the 
canonical map is required to be only a split monomorphism lfT8l 37.9]. Weak Galois extensions 
by coalgebras include Galois extensions by weak Hopf algebras in [19]. The issue of weak 
Galois extensions is not considered in this paper. 

The paper is organized as follows. In Section[[]we fix the notations, and recall the basic notions, 
used later on. In Section [2] definitions of the various Galois extensions are recalled. We start 
in Section 12.11 with the most classical and best understood case of a Hopf Galois extension. 
Then in Section 12.21 we show how it fits the more general case of a Galois extension by a 
coalgebra. These two sections deal with definitions of Galois extensions over commutative base. 
In the case of a non-commutative base, we proceed in a converse order. We start in Section [2731 
with recalling the most general instance of a Galois extension by a coring. It is quite easily 
derived from the particular case of a coalgebra. In Section [2741 we define a Galois extension by 
a bialgebroid as a special Galois extension by the underlying coring. Characterization is built 
on the monoidality of the category of comodules of a bialgebroid. Finally, in Section 12.51 the 
coacting bialgebroid is specialized to a Hopf algebroid. Here the complications are caused by 
the presence of two bialgebroid structures, whose roles are clarified. All sections are completed 
by examples. 

An important (and relatively simple) class of Galois extensions is provided by cleft extensions. 
In Section[3]the various notions of cleft extensions are recalled. The order of the cases revisited 
follows the order in Section [2l We present a unifying picture of most cleft extensions, the one 
of cleft bicomodules, developed by Vercruysse and the author in ifTOl . It is shown that any cleft 
extension can be characterized as a Galois extension with additional normal basis property. 
Under mild further assumptions, a Strong Structure Theorem is proven for cleft extensions. 
Cleft extensions by Hopf algebras or Hopf algebroids are characterized as crossed products. 
It has to be emphasized that this paper is of a review type. Very few new results are presented. 
However, we hope that the way, they are collected from various resources and re-organized here, 
give some new insight. Since the results presented in the paper are already published, all proofs 
given here are sketchy. On the other hand, a big emphasis is put on giving precise references to 
the original publications. 

Parts of the first version of these notes (those concerning Galois extensions with Hopf algebroids 
and those about cleft bicomodules) heavily relied on the journal version of lfT5l Theorem 2.6]. 
Regrettably, a few years after publishing these notes it turned out that the proof of [15, Theorem 
2.6] contains an unjustified step. Although we are not aware of any counterexamples, this gap 
forces us to revise our work, as we had to revise references [H and IfTOl . Note similar errors 
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also in J6l Proposition 3.1] and Theorem 4.2]. 

There are two most important changes compared to the first version. First, in the revised form 
of Section 12.51 we describe the Galois theory of Hopf algebroids by distinguishing between 
comodules of the two constituent bialgebroids. Second, we have to face the fact that the results 
in ifTOll are capable to handle cleft bicomodules only for so called pure coring extensions. While 
this unifies cleft extensions by coalgebras (hence in particular by Hopf algebras) and by corings, 
it is not known if all cleft extensions by Hopf algebroids fit this framework. In Section [3T6l we 
propose a treatment of cleft extensions by Hopf algebroids. Similarly to IfTOll . a key role is 
played by an appropriate Morita context. However, in general, this Morita context is not known 
to be associated to a coring extension. Applying this Morita context, for a cleft extension by an 
arbitrary Hopf algebroid, we prove a Strong Structure Theorem (Theorem 13 .271) . This yields in 
particular a corrected version of B51 Theorem 4.2], whose original version is not known to be 
true because of an unjustified step in the proof, see Remark [3.281 

Using informality of the arXiv, as an experiment, for the convenience of the readers of the first 
version, we write changes compared to the first version in blue. 

1 Preliminaries 

Throughout the paper we work over a commutative associative unital ring k. 
The term ^-algebra (or sometimes only algebra) means a fc-module A equipped with a ^-linear 
associative multiplication /j : A ®£ A — > A, with ^-linear unit T] : k — >• A. On elements of A 
multiplication is denoted by juxtaposition. The unit element is denoted by 1 G A. We add 
labels, write /ja, t\a or 1^, when the algebra A needs to be specified. 

The term fc-coalgebra (or sometimes only coalgebra) means a ^-module C equipped with a 
^-linear coassociative comultiplication A : C — > C (% C, with ^-linear counit £ : C — > k. On 
elements c of C, Sweedler's index notation is used for comultiplication: A(c) = cm ®k c {2) ~ 
implicit summation understood. 

A right module of a fc-algebra A is a ^-module M equipped with a ^-linear associative and 
unital action M®^A — > M. On elements an algebra action is denoted by juxtaposition. An A- 
module map M — > M' is a ^-module map which is compatible with the A-actions. The category 
of right A-modules is denoted by Ma- For its horn sets the notation Honu(— , — ) is used. Left 
A-modules are defined symmetrically. Their category is denoted by aM > and the horn sets by 
AHom(— , — ). For two fc-algebras A and B, an A-B bimodule is a left A-module and right B- 
module M, such that the left A-action A ®kM — > M is a right 5-module map (equivalently, the 
right 5-action M®^5 — >• M is a left A-module map). An A-B bimodule map is a map of left 
A-modules and right 5-modules. The category of A-B bimodules is denoted by a^b and the 
horn sets by ^Homg(-, — ). 

A right comodule of a fc-coalgebra C is a ^-module M equipped with a ^-linear coassociative 
and counital coaction M — > M ®£ C. On elements a Sweedler type index notation is used for a 
coalgebra coaction: we write m i— > m^i ®k m [\] - implicit summation understood. A C-comodule 
map M — > M' is a fc-module map which is compatible with the C-coactions. The category of 
right C-comodules is denoted by M c . For its horn sets the notation Hom c (— ,— ) is used. 
Left C-comodules are defined symmetrically. Their category is denoted by C M , and the horn 
sets by c Hom(— , — ). For two ^-coalgebras C and D, a C-D bicomodule is a left C-comodule 
and right D-comodule M, such that the left C-coaction M — >• C ®kM is a right D-comodule map 
(equivalently, the right D-coaction M — > M 0^2) is a left C-comodule map). A C-D bicomodule 
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map is a map of left C-comodules and right D-comodules. The category of C-D bicomodules 
is denoted by C M D and the horn sets by c Hom D ( — , — ). 

We work also with bicomodules of a mixed type. For a fc-algebra A and a fc-coalgebra C, an A-C 
bicomodule is a left A-module and right C-comodule M, such that the left A-action A ®kM — > M 
is a right C-comodule map (equivalently, the right C-coaction M — > M ®£ C is a left A-module 
map). An A-C bicomodule map is a map of left A-modules and right C-comodules. The 
category of A-C bicomodules is denoted by c and the horn sets by AHom c (- , — ) . 
For any algebra R, the category rMr of R-R bimodules is monoidal. Monoidal product is given 
by the 7?-module tensor product, with monoidal unit the regular bimodule. Hence the notion of a 
fc-algebra (i.e. a monoid in the monoidal category of ^-modules) can be extended to an arbitrary 
(non-commutative) base algebra R, as follows. An 7?-ring is a monoid in rMr. By definition, 
it means an R-R bimodule A equipped with an R-R bilinear associative multiplication /j : A <®r 
A — »■ A, with R-R bilinear unit r\ : R — > A. Note that an R -ring (A,/u,r\) can be characterized 
equivalently by a k- algebra structure in A and a £- algebra map T| : R — > A. A right module of 
an R -ring A is defined as an algebra for the monad — <®r A : Mr — > £W#. This notion coincides 
with the one of a module for the respective k- algebra A. 

Later in the paper we will be particularly interested in rings over a base algebra R ®/ s: R op , i.e. 
the tensor product of an algebra R and its opposite R op , which is the same ^-module R with 
opposite multiplication. In this case the unit map T| : R ®kR op A can be equivalently given 
by its restrictions s := T|(— ®& Ir) : R — > A and £ := T|(1,R ®& — ) : R op ~^ ^> with commuting 
ranges in A. The algebra maps s and f are called the source and target maps, respectively. Thus 
an R®kR op -rmg is given by a triple (A, s,t), consisting of a fc-algebra A and fc-algebra maps 
s : 7? — > A and ? : — > A, with commuting ranges in A. 

Just as the notion of a fc-algebra can be generalized to an R -ring, also that of a ^-coalgebra can 
be generalized to an ^-coring, for an arbitrary (non-commutative) base algebra R. By definition, 
an ^-coring is a comonoid in rMr. It means an R-R bimodule C equipped with an R-R bilinear 
coassociative comultiplication A : C — > C ®r C, with R-R bilinear counit e : C —>R. Analogously 
to the coalgebra case, on elements c of C Sweedler's index notation is used for comultiplication: 
A(c) = en) ®r C(2) - implicit summation understood. A right comodule of an i?-coring C is 
defined as a coalgebra for the comonad — ®r C : Mr — > fAf^. It means a right 7?-module M 
equipped with a right i?-linear coassociative and counital coaction M — > M ®r C . On elements 
a Sweedler type index notation is used for a coaction of a coring: we write m i— > mr i ®i? mm - 
implicit summation understood. A right C-comodule map M — > M' is a right 7?-module map 
which is compatible with the C-coactions. The category of right C-comodules is denoted by 
M c . For its horn sets the notation Hom c (— ,— ) is used. Left comodules and bicomodules are 
defined analogously to the coalgebra case and also notations are analogous. 
An element g of an ^-coring C is said to be grouplike if A(g) = g®Rg and e(g) = Ir. Recall a 
bijective correspondence g i— > (r \— > gr) between grouplike elements g in C and right C-coactions 
inR, cf. HI Lemma 5.1]. 

A fc-algebra map (|) : R — > R' induces an R-R bimodule structure in any R'-R' bimodule. What 
is more, it induces a canonical epimorphism co^ : M®rN — > M <g> R t N, for any R'-R' bimodules 
M and N. A map from an R-r'mg (A,/j,T]) to an R'-nng (A',^',r\') consists of a fc-algebra map 
(|) : R — > R' and an R-R bimodule map <3> : A — > A' (where the bimodule structure of A' is 
induced by (|)), such that 

4>oT| = T}' o(|), <I>o ) u = i i/ / o(0 ( | ) o(4>®4>). 

Note that 4> is necessarily a ^-algebra map with respect to the canonical fc-algebra structures of 
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A and A'. 

Dually, a map from an ^-coring (c,A,e) to an ^'-coring A',£') consists of a fc-algebra map 
§ : R — > 7?' and an bimodule map 4> : £ — ► c' (where the R-R bimodule structure of c' is 
induced by (|)), such that 

8'o<l) = (|)o£, A'o4> = atyo (4>®4>) oA. 

The notion of a coring extension was introduced in |[T5l Definition 2.1], as follows. An ^-coring 
D is a right extension of an A-coring C if C is a C-£> bicomodule, with left C-coaction provided 
by the coproduct and some right <D -coaction. Consider an i?-coring ( <D , A® , £© ), which is a right 
extension of an A-coring (c,A c ,£ c ). If the equalizer 



M — ^M®r — ? M®r®r (1) 

A M®aA c a a 

in Mr is D ®r ©-pure, i.e. it is preserved by the functor — ®r 2) ®r <D : Mr — > Mr, for any 
right C-comodule (M,p), then we say that £> is a pure coring extension of C. By lfT8l 22.3] 
and its Erratum, by taking cotensor products over C, a pure coring extension <D of C induces a 
^-linear functor U = — □ c C : M c — > M v that commutes with the forgetful functors M c — > Mk 
and M — > Mk, cf. the arXiv version of [fT5l Theorem 2.6]. 



2 Definitions and examples 

In this section various notions of Galois extensions are reviewed. We start with the most clas- 
sical notion of a Hopf Galois extension. The definition is formulated in such a way which is 
appropriate for generalizations. Generalizations are made in two directions. First, the bialgebra 
symmetry in a Hopf Galois extension is weakened to a coalgebra - still over a commutative 
base. Then the base ring is allowed to be non-commutative, so Galois extensions by corings are 
introduced. It is understood then how the particular case of a Galois extension by a bialgebroid 
is obtained. Finally we study Hopf algebroid Galois extensions, first of all the roles of the two 
constituent bialgebroids. 

2.1 Hopf Galois extensions 

Galois extensions of non-commutative algebras by a Hopf algebra have been introduced in ||2TT| 
and 11281 . generalizing Galois extensions of commutative rings by groups. Hopf Galois exten- 
sions unify several structures (including strongly group graded algebras), studied independently 
earlier. Beyond an algebraic importance, Hopf Galois extensions are relevant also from the 
(non-commutative) geometric point of view. A Hopf Galois extension (if it is faithfully flat) can 
be interpreted as a (dual version of a) non-commutative principal bundle. 

Definition 2.1. A bialgebra over a commutative ring A; is a ^-module H, together with a k- 
algebra structure (H,/j,r\) and a fc-coalgebra structure (H,A,e) such that the counit £ : H — ► k 
and the coproduct A : H — >• H ®kH are fc-algebra homomorphisms with respect to the tensor 
product algebra structure of H ®kH. Equivalently, the unit r| : k — >• H and the product /u : 
H 0k H — ► H are ^-coalgebra homomorphisms with respect to the tensor product coalgebra 
structure of H ®kH. 
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A morphism of bialgebras is an algebra and coalgebra map. 

A bialgebra H is a Hopf algebra if there exists a ^-module map S.H^H, called the antipode, 
such that 

Aio(S®//)oA = rio£ = A /o(if®5)oA. (2) 

& k 

Since both the coproduct and the counit of a bialgebra H are unital maps, the ground ring k 
is an //-comodule via the unit map k — > //. Furthermore, since both the coproduct and the 
counit are multiplicative, the fc-module tensor product of two right //-comodules M and iV is an 
//-comodule, with the so called diagonal coaction m® k n^ mm ®fcH[o] ®k m \\\ n [\\- Since the 
coherence natural transformations in M k turn out to be //-comodule maps with respect to these 
coactions, the following theorem holds. 

Theorem 2.2. For a k-bialgebra H, the category of (left or right) comodules is a monoidal 
category, with a strict monoidal forgetful functor to M^. 

Theorem 12.21 allow s us to introduce a structure known as an algebra extension by a bialgebra. 

Definition 2.3. A right comodule algebra of a fc-bialgebra H is a monoid in the monoidal cate- 
gory of right //-comodules. That is, an algebra and right //-comodule A, whose multiplication 
and unit maps are right //-comodule maps. Equivalently, A is an algebra and right //-comodule 
such that the coaction p A : A — ► A ® k H is a ^-algebra map, with respect to the tensor product 
algebra structure h\A® kl H. 

The coinvariants of a right //-comodule algebra A are the elements of A coH = { b E A \ p A (ba) — 
bp A (a), \/a E A }. Clearly, A coH is a fc-subalgebra of A. We say that A is a (right) extension of 
A coH by H. 

Note that, by the existence of a unit element 1# in a fc-bialgebra H, coinvariants of a right 
comodule algebra A (with coaction p A ) can be equivalently described as those elements b E A 
for which p A (b) = b(g> k Ih- 

Let H be a ^-bialgebra, A a right //-comodule algebra and B := A coH . The right //-coaction p A 
in A can be used to introduce a canonical map 

can :AOA^ A®H a®a'^ap A (a'). (3) 

B k B r \ / 

Definition 2.4. A fc-algebra extension B C A by a bialgebra H is said to be a Hopf Galois 
extension (or //-Galois extension) provided that the canonical map © is bijective. 

An important comment has to be made at this point. Although the structure introduced in Defi- 
nition l2~4l is called a Hopf Galois extension B C A (by a fc-bialgebra //), the involved bialgebra 
H is not required to be a Hopf algebra. However, in the most interesting case when A is a 
faithfully flat k- module, H can be proven to be a Hopf algebra, cf . OT1 Theorem] . 

Example 2.5. (1) Let H be a bialgebra with coproduct A and counit £. The algebra underlying 
H is a right //-comodule algebra, with coaction provided by A. Coinvariants are multiples of 
the unit element. If H is a Hopf algebra with antipode S, then the canonical map 

can :H®H ^H®H, h® h! i-> hh' {l) ® h' {2) 

is bijective, with inverse h^^h' i— > hS(h'^) ^kh'ny This proves that k C H is an //-Galois 
extension. Conversely, if the canonical map is bijective, then H is a Hopf algebra with antipode 

(// ® k e) o can" 1 ( 1 H ® k - ) . 



6 



(2) Galois extensions of fields. Let G be a finite group acting by automorphisms on a field F. 
That is, there is a group homomorphism G — > Aut(F), g i— > a g . For any subfield of F, F is a 
right comodule algebra of k(G), the Hopf algebra of ^-linear functions on G. The coaction is 
given by a i— > L ge G a g( a ) ®fc<V where the function 8 g G fc(G) takes the value Ik on g E G and 
everywhere else. Denote B := p C0 K G ) , Then F is a fc(G)-Galois extension of B. That is, the 
canonical map 

F®F — > F®k(G), a®a! i-> £ acc g (a')fo g 
is bijective [22, Example 6.4.3]. 

(3) Let A := © g(E G A g be a fc-algebra graded by a finite group G. A has a natural structure of a 
comodule algebra of the group Hopf algebra kG, with coaction induced by the map a g i— > a g CS>£g, 
on a g E A g . The fcG-coinvariants of A are the elements of A\ G , the component at the unit element 
\q of G. It is straightforward to see that the canonical map A ®a 1q A — > A ®^kG is bijective if 
and only if A g A/, = A g /,, for all g,h EG, that is A is strongly graded. 

2.2 Galois extensions by coalgebras 

Comodules of any coalgebra C over a commutative ring do not form a monoidal category. 
Hence one can not speak about comodule algebras. Still, as it was observed in [|34l . [fTTl and 
[fTBl . there is a sensible notion of a Galois extension of algebras by a coalgebra. 

Definition 2.6. Consider a fc-coalgebra C and a fc-algebra A which is a right C-comodule via 
some coaction p A : A — > A <S>k C. The coinvariants of A are the elements of the /:-subalgebra 
pcoC = { beA | p A (£ a ) = &p A (a), Va G A }. We say that A is a (n'g/z?) extension of A coC by 
C. 

Let 5 C A be an algebra extension by a coalgebra C. One can use the same formula © to define 
a canonical map in terms of the C-coaction p A in A, 

can :A®A^A®C a® a ^ap A (a). (4) 

B k B 

Definition 2.7. A fc-algebra extension B C A by a coalgebra C is said to be a coalgebra Galois 
extension (or C-Galois extension) provided that the canonical map (HJ) is bijective. 

Remark 2.8. In light of Definition 12.71 a Hopf Galois extension B C A by a bialgebra // in 
Definition 12.41 is the same as a Galois extension by the coalgebra underlying H, such that in 
addition A is a right //-comodule algebra. 

Example 2.9. Extending [34, Example 3.6] (and thus Example l2.5l (D). coalgebra Galois exten- 
sions can be constructed as in |[T8l 34.2]. Examples of this class are called quantum homogenous 
spaces. Let H be a Hopf algebra, with coproduct A, counit £ and antipode S. Assume that H 
is a flat module of the base ring k. Let A be subalgebra and a left coideal in H. Denote by 
A + the augmentation ideal, i.e. the intersection of A with the kernel of £. The quotient of H 
with respect to the coideal and right ideal A + H is a coalgebra and right //-module H. The 
canonical epimorphism 7t : H — * H induces a right //-coaction (// ®j c 7t) o A on H. Denote the 
//-coinvariant subalgebra of H by B. Clearly, AC B. Hence the map 

H®H — > H®H, h®n(h') i-> hS{h' (l) )®h' (2) 
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is well defined and yields the inverse of the canonical map 



H®H —>H®H, h®h' ^hti m ®%(ti,~). 

R k R U Ik y U 7 



This proves that B C H is a Galois extension by //. Geometrically interesting examples of this 
kind are provided by Hopf fibrations over the Podles quantum spheres [fTTT|. [|30l . 

2.3 Galois extensions by corings 

If trying to understand what should be called a Galois extension by a coring, one faces a similar 
situation as is the coalgebra case: comodules of an arbitrary coring C over an algebra R do not 
form a monoidal category. As the problem, also the answer is analogous. 

Definition 2.10. For a k- algebra R, consider an ^-coring C and an R -ring A which is a right C- 
comodule via some coaction p A : A — > A ®r C . Require the right ^-actions on A, corresponding 
to the i?-ring, and to the C-comodule structures, to be the same. The coinvariants of A are the 
elements of the fc-subalgebra A coC = { b G A \ p A (ba) = bp A (a), Wa e A }. The fc-algebraA 
is said to be a ( right) extension of A coC by C . 

It should be emphasized that though A coC in Definition ^. lOl is a fc-subalgebra of A, it is not an 
7?-subring (not even a one-sided 7?-submodule) in general. 

Let B C A be a fc-algebra extension by an 7?-coring C . Analogously to (HJ), one defines a canon- 
ical map in terms of the C -coaction p A in A, 



Definition 2.11. A ^-algebra extension B C A by an i?-coring C is said to be a coring Galois 
extension (or C -Galois extension) provided that the canonical map © is bijective. 

Example 2.12. In fact, in view of lfT8l 28.6], any algebra extension B C A, in which A is a 
faithfully flat left or right 5-module, is a Galois extension by a coring, cf. a comment following 
lfT8l 28.19]. Indeed, the obvious A-A bimodule C : = A ®b A is an A-coring, with coproduct and 
counit 

A:C^>C<3C, a® a! ^ (a® 1 A ) <8> (U®a'), and e:C^A, a®a'v-*ad. 

A B B A B B 

By the existence of a grouplike element 1a ®b 1a m C, A is a right C-comodule via the coaction 
A — ► C, a i— > 1a ®b ®- The coinvariants are those elements b E A for which b ®s 1a = 1a <®b b. 
Hence, by the faithful flatness assumption made, A coC = B. The canonical map is then the 
identity map A ®gA, which is obviously bijective. 

2.4 Bialgebroid Galois extensions 



In Remark [2781 we characterized Hopf Galois extensions as Galois extensions B C A by a con- 
stituent coalgebra in a bialgebra H such that A is in addition an //-comodule algebra. The aim 
of the current section is to obtain an analogous description of Galois extensions by a bialgebroid 
9{ , replacing the bialgebra H in Section [2721 In order to achieve this goal, a proper notion of a 
'bialgebra over a non-commutative algebra R' is needed - such that the category of comodules 
is monoidal. 



can :A®A -^A®C 



B R 



a® a! i— > ap A (a'). 



(5) 
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In Section 12.31 we could easily repeat considerations in Section 12.21 by replacing fc-coalgebras 
- i.e. comonoids in the monoidal category Mk of modules over a commutative ring k - by R- 
corings - i.e. comonoids in the monoidal category rMr of bimodules over a non-commutative 
algebra R. There is no such simple way to generalize the notion of a bialgebra to a non- 
commutative base algebra R, by the following reason. While the monoidal category Mk is also 
symmetrical, not the bimodule category rMr. One can not consider bimonoids (bialgebras) in 
rMr. In order to define a non-commutative base analogue of the notion of a bialgebra, more 
sophisticated ideas are needed. The right definition was proposed in ll35l and independently in 

m. 

Definition 2.13. A (right) bialgebroid over a fc-algebra R consists of an R ®^i? op -ring structure 
(H,s,t) and an ^-coring structure (i?,A,e) on the same fc-module H, such that the following 
compatibility axioms hold. 

(i) The R-R bimodule structure of the ^-coring H is related to the R ®kR op structure via 

rhr = hs(r')t(r) for r,r' eR he H. 

(ii) The coproduct A corestricts to a morphism of R ®kR op -rings 

H - H x R H = { J>® | J>(r)a,® *{ = X>§f (r)*J, Vr e R }, 

i i i 

where H xr H is an R ®yti? op -ring via factorwise multiplication and unit map R ®kR op 
Hx R H,r® k r' ^ t(r') ® R s(r). 

(iii) The counit determines a morphism of R ®kR op -rings 

H -> Endjfc(/?) 0/ \ fci->e(j(-)fc), 

where End;t(/?) op is an i?®yti? op -ring via multiplication given by opposite composition of 
endomorphisms and unit map R®kR op End^(^) op , r®k r ' ^ r '{—) r - 

A morphism from an R -bialgebroid H to an i?'-bialgebroid !H' is a pair consisting of a k- algebra 
map <(> : R — ► 7?' and an 7? (g> k R op -R <g> k ROp bimodule map Q> : H ^ H' , such that (<|) % § op : 
i? ®,ti? op -> R' ®kR' op ,® :H-*H') isa map from an R ® k R op -r:mg to an R' ® k R' op -™g and 
((|) : R — > R', 4> : H —> H') is a map from an ^-coring to an ^'-coring. 

A new feature of Definition 12.131 compared to Definition 12. 1 1 is that here the monoid (ring) 
and comonoid (coring) structures are defined in different categories. This results in the quite 
involved form of the compatibility axioms. In particular, the i?-module tensor product H®rH 
is not a monoid in any category, hence the coproduct itself can not be required to be a ring 
homomorphism. It has to be corestricted to the so called Takeuchi product H XrH, which is an 
R ®£^ op - rm g> indeed. Similarly, it is not the counit itself which is a ring homomorphism, but 
the related map in axiom (iii). 

Changing the comultiplication in a bialgebra to the opposite one (and leaving the algebra struc- 
ture unmodified) we obtain another bialgebra. If working over a non-commutative base algebra 
R, one can replace the ^-coring (H,A,e) in a right R -bialgebroid with the co-opposite R op - 
coring. Together with the R op ®£i?-ring (H,t,s) (roles of s and t are interchanged!) they form a 
right 7? op -bialgebroid. 
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Similarly, changing the multiplication in a bialgebra to the opposite one (and leaving the coal- 
gebra structure unmodified) we obtain another bialgebra. Obviously, Definition 12.131 is not 
invariant under the change of the R ^R op -rrag structure (H,s,t) to (H op ,t,s) (and leaving the 
coring structure unmodified). The R ®/t i? op -ring (H op 1 t 1 s) and the ^-coring (H,A,e) satisfy 
symmetrical versions of the axioms in Definition 12. 131 The structure in Definition 12. 131 is usu- 
ally termed a right R-bialgebroid and the opposite structure is called a left R-bialgebroid. For 
more details we refer to ll27l . 

A most important feature of a bialgebroid for our application is formulated in following The- 
orem 12.141 Comodules of an R -bialgebroid are meant to be comodules of the constituent R- 
coring. Theorem 12.1 4l below was proven first in |[32l Proposition 5.6], using an apparently more 
restrictive but in fact equivalent definition of a comodule. The same version of Theorem 12. 141 
presented here can be found in Section 2.2 of or (2l Proposition 1.1]. 

Theorem 2.14. For a right R-bialgebroid H, the category of right comodules is a monoidal 
category, with a strict monoidal forgetful functor to rMr. 

Proof. (Sketch.) Let H be a right 7?-bialgebroid with R®] c R op -ring structure (H,s,t) and R- 
coring structure (//, A,e). By the right 7?-linearity and unitality of the counit and the coproduct, 
the base ring R is a right comodule via the source map s : R-* H. A right i# -comodule M (with 
coaction m \— > m^ ®r m^) is a priori only a right 7?-module. Let us introduce a left ^-action 

rm:= m^e(s(r)m^), for r E R,m E M. (6) 

On checks that M becomes an R-R bimodule in this way, and any //-comodule map becomes 
R-R bilinear. Thus we have a forgetful functor M H — > rMr. What is more, © implies that, for 
any m EM and r E R, 

rm^ ] ®m^ =m^®t(r)m^. 

R R v ' 

Hence the 7?-module tensor product of two right H -comodules M and ./V can be made a right 
-comodule with the so called diagonal coaction 

m ® nh ^ m [(% n [o] 0m [iyi]_ (7) 

R R R 

Coassociativity and counitality of the coaction © easily follow by Definition 12. 131 The proof 
is completed by checking the right H -comodule map property of the coherence natural trans- 
formations in rMr with respect to the coactions above. □ 

Let 9{ be a right bialgebroid. The category of right i# -comodules, and the category of left 
comodules for the co-opposite right bialgebroid 9£ cop , are monoidally isomorphic. The category 
of right comodules for the opposite left bialgebroid 9{ op is anti-monoidally isomorphic to M ^ . 
Thus (using a bijective correspondence between left and right bialgebroid structures on a k- 
module H, given by switching the order of multiplication), we conclude by Theorem 12 . 1 4 1 that 
the category of right comodules of a left 7?-bialgebroid is monoidal, with a strict monoidal 
forgetful functor to ropMr»p. 

The important message of Theorem [2T4] is that there is a sensible notion of a comodule algebra 
of a right bialgebroid 9{ . Namely, a right ^-comodule algebra is a monoid in M 91 . This means 
an R -ring and right ^-comodule A (with one and the same right 7?-module structure), whose 
multiplication and unit maps are right !rt -comodule maps. Equivalently, A is an R-rmg and right 
H -comodule such that the coaction p A corestricts to a map of R -rings 

A^Ax R H= { Y, ai ®hiEA®H | £ra f ® = X>i®f(r)ft/, \frER}. 

i i i 
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The Takeuchi product A Xr H is an i?-ring with factorwise multiplication and unit map r t— > 
1a <8>/?>s(r). Thus, in analogy with Remark [2781 we impose the following definition. 

Definition 2.15. A right Galois extension B C A by a right R-bialgebroid H is defined as a 
Galois extension by the 5-coring underlying ?f , such that in addition A is a right i^-comodule 
algebra. 

Remark 2.16. Consider a right 7? -bialgebroid H ', with structure maps denoted as in Defini- 
tion |2J~3l and a right ^/-comodule algebra A. Denote by r\ : R — > A the unit of the 7? -ring A. 
By the left 5-linearity and the unitality of the 9{ -coaction on A, for any element b E B : = A co5/ , 
£>[°1 ©/e^ 1 ' = b®R \h- By the rights-linearity and the unitality of the ^-coaction on A, for any 
element r G R, T|(r)t°] ©#T|(r)W = 1^ ®Rs(r). Thus by the H -colinearity of the multiplication 
in A, 

(bV[(r))^(S)(br[(r))^ =b®s(r) = (T)(r)b)W® (t\(r)b)^. 

R R R 

Applying A ©^ £ to both sides, we conclude that the subalgebra B of A commutes with the range 
of T|. 

Example 2.17. The depth 2 property of an extension of arbitrary algebras B C A was intro- 
duced in ll27l . generalizing depth 2 extensions of C* -algebras. By definition, an algebra exten- 
sion B C A is right depth 2 if there exists a finite integer n such that (A ©gA) © — = ©"A, as 
A-B bimodules. By 11271 Theorem 5.2] (see also [26, Theorem 2.1]), for a right depth 2 alge- 
bra extension B C A, the centralizer // of 5 in the obvious 5-5 bimodule A ©g A has a right 
bialgebroid structure over 5, where R is the commutant of B in A. Its total algebra H is a 
finitely generated and projective left 7?-module. What is more, if the algebra extension B CA 
is also balanced, i.e. the endomorphism algebra of A as a left Endg(A)-module is equal to B, 
then B C A is a right 5/ -Galois extension. This example is a very general one. By [26 , Theorem 
2.1] (see also [2^ Theorem 3.7]), any Galois extension by a finitely generated and projective 
bialgebroid arises in this way. 

After Definition [274] we recalled an observation in ||3Tj that a bialgebra, which admits a faithfully 
flat Hopf Galois extension, is a Hopf algebra. Although the definition of a Hopf algebroid will 
be presented only in forthcoming Section 12.51 let us anticipate here that no analogous result 
is known about bialgebroids. As a matter of fact, the following was proven in [|25l Lemma 
4.1.21]. Let 9{ be a right 5-bialgebroid and B C A a right 0-C -Galois extension such that A is 
a faithfully flat left 7?-module. Then the total algebra H in H is a right .7/ -Galois extension 
of the base algebra R op (via the target map). That is to say, H is a right x R -Hopf algebra in 
the terminology of [[331 . However, this fact does not seem to imply the existence of a Hopf 
algebroid structure in H . 

2.5 Hopf algebroid Galois extensions 

As it is well known, the antipode of a fc-Hopf algebra H is a bialgebra map from H to a Hopf 
algebra on the same ^-module H, with opposite multiplication and co-opposite comultiplication. 
We have seen in Section 12.41 that the opposite multiplication in a bialgebroid does not satisfy 
the same axioms the original product does. In fact, the opposite of a left bialgebroid is a right 
bialgebroid and vice versa. Thus if the antipode in a Hopf algebroid J{ is expected to be a 
bialgebroid map between 9{ and a Hopf algebroid with opposite multiplication and co-opposite 
comultiplication, then one has to start with two bialgebroid structures in !rt , a left and a right 
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one. The following definition fulfilling this requirement was proposed in [J9j , where the antipode 
was required to be bijective. The definition was extended by relaxing the requirement about 
bijectivity of the antipode in [5]. The set of axioms was reduced slightly further in (HI Remark 
2.1]. 

Definition 2.18. A Hopf algebroid 0-C consists of a left bialgebroid over a base algebra L 
and a right bialgebroid Hr over a base algebra R on the same total algebra H, together with 
a ^-module map S : H —> H, called the antipode. Denote the L<S>k L op -ring structure in Hi 
by (H,slJl) and the L-coring structure by (H,Al,El). Analogously, denote the R <^j c R op -rmg 
structure in Hr by (H,srJr) and the ^-coring structure by (H,Ar,£r). Denote the multiplica- 
tion in H (as an L-ring or as an i?-ring) by /j. The compatibility axioms are the following. 

(i) The source and target maps satisfy the conditions 

SL°^L°tR=tR, t L o£ L OSR = Sr, S R Ot R Ot L = t L , t R o£ R OS L = S L . 

(ii) The two coproducts are compatible in the sense that 

(A L ®H)oA R = (H®A R )oA L , (A R ®H)oA L =(H®A L )oA R . 

K L L K 

(iii) The antipode is an R-L bimodule map. That is, 

S(t L {l)ht R {r)) = s R (r)S(h)s L (l), for r E R,l E L,h E H. 

(iv) The antipode axioms are 

/uo(S®H)oA L = s R o£ R , iuo(H®S)oA R = s L oe L . 

L K 

Throughout these notes the structure maps of a Hopf algebroid H will be denoted as in Defini- 
tion l2.18l For the two coproducts At and A R we systematically use two versions of Sweedler's 
index notation: we write A^(/z) = hn-\ ®L n {2) (with lower indices) and A R (h) = ® R h} 2 ' 
(with upper indices), for h E H. In both cases implicit summation is understood. 
The following consequences of the Hopf algebroid axioms in Definition ^. 181 were observed in 
Proposition 2.3]. 

Remark 2.19. (1) The base algebras L and R are anti-isomorphic, via the map £^ o s L : L — > R 
(or £fl o t L : L — ► R), with inverse £ L o t R : R — > L (or £ L o sr : R — > L). 

(2) The pair (e^ o sr : R — > L op ,S : H — * H op ) is a morphism of right bialgebroids, from Hr 
to the opposite-co-opposite of Hl and (e R o sl : L — > R op ,S : H — > // op ) is a morphism of left 
bialgebroids, from H L to the opposite-co-opposite of "Hr. 

Since a Hopf algebroid J{ comprises two bialgebroid structures 9<l and 9{r, there are in general 
two different notions of their comodules. As it turns out, the right definition of an ^"-comodule 
comprises both structures. The following definition was proposed in |6] Definition 3.2] and fl2l 
Section 2.2]. 

Definition 2.20. A right comodule of a Hopf algebroid H is a right L-module as well as a 
right i?-module M, together with a right coaction : M —> M ®rH of the constituent right 
bialgebroid 9{ R and a right coaction : M — > M ®l H of the constituent left bialgebroid Ml, 
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such that ptf is an i^-comodule map and is an ^-comodule map. Explicitly, pR is a right 
L-module map, p^ is a right 7?-module map and 

(M®A L )op R = (p R ®H)op L and (M<8> A R ) o p L = (p L ®H) o p R . (8) 

Morphisms of i#-comodules are meant to be i^-comodule maps as well as ^i-comodule maps. 
The category of right i# -comodules is denoted by . 

In the sequel we fix the following notation. For a Hopf algebroid M , with constituent right 
bialgebroid Mr and left bialgebroid Ml, and a right M -comodule M, for m £ M we write m \— > 
®Rm^ and m t— *• mr i <8>z,mm for the Mr-, and ^-coactions related by ®. In both cases 
implicit summation is understood. 

Proposition 2.21. For a Hopf algebroid M ' , with constituent right bialgebroid Mr and left 
bialgebroid Mi, the forgetful functor M " — > fW^ s is fully faithful. 

Proof. The forgetful functor 5Vf ^ — > fTVf ^ is obviously faithful. In order to see that it is also 
full, consider two M -comodules M and M', and an .7^-comodule map / : M — > M'. That is, a 
right 7?-module map /, such that, for all m E M, 

f(m) l) fim) 1 ./W ) m ] . (9) 

By definition, M is a right L-module and by the right L-linearity of the ^-coaction, 
ml = m'°]eg(?z,(/)mW). Similarly, M' is a right L-module and / is clearly right L-linear. Regard 
H as a left L-module via sl and as a left 7?-module via tR. Consider the well defined map 

<£ M / :M'®H ^M'®H, m'®h^m[ 0] ®nL,S(h). (10) 

Applying 4> M / to both sides of © and using the right ^-colinearity of the ^-coaction on M' 
and one of the antipode axioms to simplify the left hand side, we obtain the identity 

f(m)m H = f(m% 0] ®f(mW) {l] S(mW), (11) 

for all m E M. By the right L-linearity of /, CCD) can be used to compute 

./'('" o ) , "' l = /(w[0] t0] )[0]f/(«[0] t0] )[i]5(in[(j] tl] )inti] 

= f{m% Q ]®J{m [ %\S{m\ l \ l) )m^\ 2) 

= f(m% 0] ®f(ml% 1]S R(E R (mW)) 

= {f(mM)E R (mW)) [0] ® (f(m^)eR(mW)) {l] =/(m) [0] f f(m) {1] , 

for all m E M. In the first equality we applied (fTTI) . The second equality follows by the right 
i^-colinearity of the i^-coaction on M. In the third equality we used one of the antipode 
axioms in a Hopf algebroid. The penultimate equality follows by the right 7?-linearity of the 
^L-coaction on M' . The last equality follows by the right 7?-linearity of / and the counitality 
of the ^-coaction on M. This proves that / is right ^-colinear, hence it is a morphism in 
Horn^ (M,M'), as stated. □ 

As a simple consequence of Proposition [2T2T1 we obtain [8] Corrigendum, Proposition 3]. 
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Corollary 2.22. Let H be a Hopfalgebroid and M be a right H -comodule. Then any coinvari- 
ant of the ^R-comodule M is coinvariant also for the ^i-comodule M. If moreover the antipode 
of y{ is bijective then coinvariants of the ^R-comodule M and the ^i-comodule M coincide. 

Proof. The base algebra R of the constituent right bialgebroid tt R is a right ^-comodule via the 
right regular ^-action and the coaction 2? — » R®rH = H,r^ \ R ® R s R {r) = s R (r) (determined 
by the grouplike element 1#). Moreover, R is also a right comodule of the constituent left L- 
bialgebroid Hl, with right L-action 7? <g>L — r®l^> Zr (tt(l)) rand coaction 7? — >R®lH = H, 
v i — ► ^r®lSr{j) — s R (r). With these structures R is a right -comodule. Similarly, L is a right 
H -comodule via the right regular L-action and ^-coaction L^^H = H, I \— > 1l®zA(0 — 
t L {l), the right ^-action L®R — > L, Z <g> r i-> £l(^(?"))Z and ^-coaction L — > L® R H = H, 
1 1— > 1l <&RtL(l) — tt{l)- The map o r L : L — > i? is an isomorphism of i^-comodules with the 
inverse £-l°sr. 

By 023 28.4], for any right ^-comodule M there are isomorphisms M co ^ R = Hom^ R (R,M) 
mdM co ^ = Horn^ (L,M). Therefore, the following sequence of isomorphisms and inclusions 
holds. 

M co!H R ^Hom**(/?,Af) C Hom^(tf,M) =Hom^ L (L,M) =M COJ4 . 

The inclusion in the second step follows by Proposition 12.2 II If the antipode is bijective then 
the same reasoning can be applied to the opposite Hopf algebroid to conclude that also M coHl C 
M C0 ^ R . □ 

In order to have a meaningful notion of a comodule algebra of a Hopf algebroid 9{ , the category 
of i^-comodules has to be monoidal. The following was proven in jH Corrigendum, Theorem 
6]. 

Theorem 2.23. For any Hopf algebroid J-C ', is a monoidal category. Moreover, there are 
strict monoidal forgetful functors rendering commutative the following diagram: 

M * *" M * R 

M n ' L ^rMr . 

Proof. The functor on the right hand side appeared already in Theorem 12.141 Let us explain 
first what is meant by the functor in the bottom row. A right ^-comodule N is a priori a right 
L-module, and it is made an L-bimodule via the left action In := /-zjojE/^nm^/)) , for I EL and 
n E N, cf. a symmetrical form of ©. The functor in the bottom row takes the ^-comodule N 
to the R-R bimodule N, with actions 

r + n<r' :=Z L {sR(r'))m L {sR(r)) = n [Q] E L (s R (r)n [l] s R (r')) , for r,r' ER, nEN. (12) 

In order to see commutativity of the diagram, take a right .7/ -comodule M. Composing the 
functor on the left hand side with the functor in the bottom row, it takes M to an R-R bimodule 
with actions in (|T2|) . Applying to M the functor in the top row and the functor on the right hand 
side, we obtain the R-R bimodule M with actions 

rmr' = m^e R (s R (r)m^)r' = mPh R (s R (r)m [l] s R (r')), for r,r' E R, mEM, (13) 
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cf. ©. By definition, the ^-coaction on M is right i?-linear (with respect to the action on M 
denoted by juxtaposition). Therefore, 

(rmr') [0] ®(rmr') {l] = m [0] [0] ®m [0] {1] s R U R (s R {r)m [1] s R (r'))} 

= m^<S)m^SR (e R (s R (r)m^s R (r'))) = mp^®s R {r)m^s R (r'). 

The first equality follows by (fT3l) and the right 7?-linearity of the ^-coaction on M. The second 
equality follows by the right ^-colinearity of the ^-coaction on M. By multiplicativity, right 
i?-linearity and unitality of A^, A R (s R (r)) = 1# R s R (r). In the last equality we used this 
identity and multiplicativity of A R , and counitality of A R . Applying M ®l£l to both sides, we 
conclude that 

rmr' = m^£ L (s R (r)m^s R (r')) =r>m<r' . 
This proves commutativity of the diagram in the theorem. 

Strict monoidality of the functors on the right hand side and in the bottom row follows by 
Theorem 12. 141 (and its application to the opposite of the bialgebroid H£). In order to see strict 
monoidality of the remaining two functors, recall that by Theorem 12.141 (applied to 9{ R and the 
opposite of 9(l), the 7?-module tensor product of any two iW-comodules is an i^-comodule and 
an ^-comodule, via the diagonal coactions, cf. ©. Compatibility of these coactions in the 
sense of Definition l2.20l is checked as follows. For M,N G M 91 , m G M and n G N, 




Moreover, for any m G M and k G H, there is a well defined (i.e. R -balanced and L-balanced) 
map 

N®H®H (M®N)®H®H, n®h®h' ^ (m®n)®k (l) h®k (2 )ti, 

R L R R L R L R R ' L ' 

where we used that the range of the coproduct of lies within the Takeuchi product H Xi 
H. Composing it with the equal maps N — > N ® R H ®lH, n i— > rM (8>/j w^n) <8>l^(2) = 
«[0l ®Rfi[o] W <8>l «[i] , we conclude that the right hand side of (PT4)) is equal to (m' ' ® R m i ^ ) ® R 
m (l) n [0l ®i m ' 1 '(2) n [i]' Similarly, since the range of the ^-coaction on N lies within the 
Takeuchi product N x R H, for any n G N and k G H there is a well defined map 

M®H®H — > (M®N)®H®H, m®h®h! i-> (m®n^)®hn [l] ®h'k. 

R L R R L R L R R L 

Composing it with the equal maps M ^ M® r H®lH, m i— > ^ml 1 ^) OzW 1 ^) = m [o]^ ®fi 
wro]' 1 ^ ®LmM], we conclude that the right hand side of (PT4)) is equal also to 

O[o] [0] f "[0] [0] ) f m[o] [ \o] [1] ® m^np] = (m<§> n) [0] [0] <8> (m® n) [0] [1] f (mfn)^. 

The other compatibility relation in Definition 12.201 is checked by similar steps. Recall from 
the proof of Corollary 12.221 that R(= L) is a right ^-comodule as well. Finally, the 7?-module 
tensor product of ^/-comodule maps is an ^-comodule map and an #L-comodule map by 
Theorem l2.14l Thus it is an ^-comodule map. By Theorem Theorem 12.141 also the coherence 
natural transformations in R M R are tt R - and ^-comodule maps, so ^-comodule maps, what 
completes the proof. □ 

In light of Theorem l2.23[ comodule algebras of a Hopf algebroid are defined as follows. 
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Definition 2.24. A right comodule algebra of a Hopf algebroid H is a monoid in the monoidal 
category M H of right i#-comodules. Explicitly, this means an R -ring and right ^-comodule 
A, such that the unit map R — > A and the multiplication map A ®^A — > A are right !H -comodule 
maps. Using the notations a \— > a' ! (g^a' 1 ] and a t— > ap] ®L fl [i] f° r the 9{r- and ^L-coactions, 
respectively, i# -colinearity of the unit and the multiplication means the following identities, for 
all a, a' £ A: 

l A [0] f U [1] = Uf Iff, (aa') [0l f (aa')^ = a ^a'^®a^a'^ 

U[o]f = Uflff, (««')[o]f (««')[i] =^[o]«[o]f )a [i] a [i]- 

Definition 2.25. For an # -comodule algebra A and 5 := A C0 ^ R , we say that 5 C A is an 
extension. 

The related O-Cr-, and i^-coactions in an !rt -extension B C A determine two canonical maps, 
can# :A®A -> A®H, a® a' ' i-> aa' [0] ® a' [1] and 

B R B R 

can/, :A®A —*A®H, a®a ^ a^a'^a^. (15) 

Bijectivity of the maps in (fT3T) implies that B C A is a Galois extension by the right bialgebroid 
i^i?, and the left bialgebroid Hl, respectively. It is not known in general if bijectivity of one 
implies bijectivity of the other. A partial result is given in following J51 Lemma 3.3]. 

Proposition 2.26. For an algebra extension B C A by a Hopf algebroid 9( with a bijective 
antipode S, the canonical map can^ in 4771) is bijective if and only if cariR is bijective. 

Proof. (Sketch.) By the bijectivity of the antipode, for any right H -comodule M, the map 
in (flOl) is bijective, with the inverse m®ih i— > %5 ,_1 (/i)m' 1 l The canonical maps in (fT5T) 
are related by <J>a o can/; = can^, what proves the claim. □ 

The Galois theory of a Hopf algebroid H is greatly simplified whenever the category of H- 
comodules is isomorphic to the categories of comodules of the constituent left and right bialge- 
broids: In this case M rt can be described as a category of an appropriate coring. The following 
was obtained in (HI Corrigendum, Theorem 4]. 

Theorem 2.27. Consider a Hopf algebroid 9( , with structure maps denoted as in Defini- 
tion \2JM and the forgetful functors F L : M^ L -> M k , F R : M* R -> M k , G L : M * —> M^ L 
andG R : M' H ^M' Hr . 

(1) If the equalizer 

Ob PR®rH 

M ^M^H — - | M ®H® M (16) 

R M® R A R R R 

in Ml is H ®^H-pure, i.e. it is preserved by the functor — ®lH ®lH : Ml — > Ml, for any right 
J{R-comodule (M, p^), then there exists a functor U : M ^ R — > M L , such that Fl o U = Fr and 
UoG R = G L . 

(2) If the equalizer 

N - *N®H=!==£N®H®H (17) 

L N® L A L L L 

in Mr is H ® R H-pure, i.e. it is preserved by the functor — ®rH®rH : Mr — > Mr, for any 
right ^L-comodule (N, Pl), tnen there exists a functor V : M ^ L — > M ^ R , such that FroV = Fl 
and V o Gl = Gr. In particular, Gl is full. 
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(3) If both purity assumptions in parts (1) and (2) hold, then the forgetful functors Gr\ M — > 
M ^ R and Gl '■ M 91 — > Wl are isomorphisms, hence U and V are inverse isomorphisms. 

Proof. (1) Recall that dT6]) defines the ^-cotensor product MU^ r H = M. By axiom (ii) in 
Definition ^. 181 H is an Hr-Hl bicomodule, with left coaction A^ and right coaction A^. Thus 
in light of lfT8l 22.3] and its Erratum, we can define a desired functor U := —U^H. Clearly, 
it satisfies F^oU = Fr. For an .W-comodule (M, Ql,Pr), the coaction on the ^-comodule 
U (G R (M, p L , Pr))=U (AT, p R ) is given by 

M -^*MU Hr H MD%Al > MU^ r {H®H) -SL». (MD^H) ®H M ®« e «^ H ? M®H, (18) 

where in the third step we used that since the equalizer (TT6l) is H ®l //-pure, it is in particular 
//-pure. Using that is a right ^-comodule map and counitality of p^, we conclude that (fT8l) 
is equal to p^. Hence U o Gr = Gl- Note that this yields an alternative proof of fully faithfulness 
of Gr. Indeed, this proves that for any two i^-comodules M and M', and any ^-comodule map 
/ : M — > M', U(f) = f is an i^-comodule map hence an i#-comodule map. Part (2) is proven 
symmetrically. 

(3) For the functor U in part (1) and aright #j?-comodule (M,Pr), denote U(M,Pr) =: (M,pz,). 
With this notation, define a functor G R 1 : M ^ R — > M H , with object map (M, Pr) h-> (M, pj?, p^), 
and acting on the morphisms as the identity map. Being coassociative, pR is an ^-comodule 
map, so by part (1), U (pj?) = pR is an ^-comodule map. Symmetrically, by part (2), V{p£) = 
pi is an ^-comodule map. So G R l is a well defined functor. One easily checks that it is the 
inverse of Gr. 

In a symmetrical way, in terms of the functor V(iV, Pl) =: (N,Pr) in part (2), one constructs 
1 with object map (TV, Pl) >— > (N, p L , p^), and acting on the morphisms as the identity map. 
The identities Gl ° G R 1 = U and Gr o G l 1 = V prove that t/ and V are, mutually inverse iso- 
morphisms, as stated. □ 

Definition 2.28. Hopf algebroids for that the purity assumptions in Theorem [2 .27 1 (3) hold, are 
termed pure Hopf algebroids. 

All known examples of Hopf algebroids are pure, cf. (H Corrigendum, Example 5]. 

Example 2.29. (1) Example l2.5l (l) can be extended as follows. Consider a Hopf algebroid 9{ 
and use the notations introduced in and after Definition ^. 181 The coproduct A^ in 9(r equips the 
total algebra H with a right ^-comodule algebra structure and the coproduct A^ in Hl equips 
H with a right i^-comodule algebra structure. In this way H becomes an i^-comodule algebra, 
i^-coinvariants are those elements h EH, for which h^ ®Rh^ = h®R 1#, i.e. the image of 
R op under tR. ^-coinvariants are those elements h EH, for which hi\\ ®l^(2) = h®L ljj, i-e. 
elements of tR(R op ) = sl(L). The canonical map 

H®H ^H®H, h®ti 'h#)»A'( 2 ) 

L R L R 

is bijective, with the inverse h ®r1i' i— > hS(h f ,^) ®z,M 2 )- ^ nat me ai g eDra extension L C H, 
given by sl (equivalently, the algebra extension R op C H, given by tR) is a Galois extension 
by 9{r. In other words, a constituent right bialgebroid Mr in a Hopf algebroid 0-C provides an 
example of a (right) x R-Hopf algebra, in the sense of 11331 . 



17 



The other canonical map 

(mind the different L- actions in the domain and the codomain!) is bijective provided that S is 
bijective. In this case the inverse is given by h! ®l h i— > ®^ S^ 1 (h^)h' . 
(2) Consider a right depth 2 and balanced algebra extension B C A, as in Example 12.171 We 
have seen in Example 12 . 1 7 1 that B C A is a Galois extension by a right bialgebroid Assume 
that the extension 5 C A is also Frobenius (i.e. A is a finitely generated and projective right B- 
module and Homg(A,5) = A as B-A bimodules). In this situation, the right bialgebroid 2{ was 
proven to be a constituent right bialgebroid in a Hopf algebroid 9( in [|9l Section 3]. The Hopf 
algebroid H is finitely generated and projective as a left L-module and as a left 7?-module. This 
implies that !H is a pure Hopf algebroid, hence a right ^-comodule algebra A is also a right 
^-comodule algebra. Moreover, the antipode of H is bijective, hence the ^-Galois extension 
B C A is also i^-Galois by Proposition l2.26[ 

3 Cleft extensions 

In this section a particular class of Galois extensions, so called cleft extensions will be studied. 
These are the simplest and best understood examples of Galois extensions and also the closest 
ones to the classical problem of Galois extensions of fields. 

Similarly to Section |2l we start with reviewing the most classical case of a cleft extension by a 
Hopf algebra in []24| and H|. A cleft extension by a coalgebra was introduced in ifTVll and |[T3l 
and studied further in [|T|j and EOl . In all these papers the analysis is based on the study of an 
entwining structure associated to a Galois extension. Here we present an equivalent description 
of a cleft extension by a coalgebra, which avoids using entwining structures. Instead, we make 
use of the coring extension behind. The advantage of this approach, developed in [TTOl . is that 
it provides a uniform approach to many kinds of cleft extensions, including cleft extensions by 
pure Hopf algebroids, where the coring extension in question does not come from an entwining 
structure. 

3.1 Cleft extensions by Hopf algebras 

The notion of a cleft extension by a Hopf algebra emerged already in papers by Doi and 
S weedier, but it became relevant by results in [|24l| and 01 . Note that, for a fc-algebra (A,jj,r\) 
and a fc-coalgebra (C, A,e), the ^-module Hom^(C,A) is a fc-algebra via the convolution product 

(f,g) ^p(/^)oA, far/,g G Horn, (C, A), 

and unit element r\ o e. 

Definition 3.1. An algebra extension B C A by a Hopf algebra H is said to be cleft provided that 
there exists a convolution invertible right //-comodule map j : H — ► A, called a cleaving map. 

By antipode axioms © in a Hopf algebra H, the antipode is convolution inverse of the (H- 
colinear) identity map H. Thus any fc-Hopf algebra H is an //-cleft extension of k (via the unit 
map). 

Following ll24l Theorem 9] explains in what sense cleft extensions are distinguished Hopf Ga- 
lois extensions. 
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Theorem 3.2. An algebra extension B CA by a Hopf algebra H is cleft if and only if it is an 
H -Galois extension and the normal basis property holds, i.e. A = B®kH as left B-modules right 
H-comodules. 

The construction of a crossed product with a bialgebra H (with coproduct A(h) = hm <8>kh(2) 
and counit £) was introduced in Q, as follows. 

Definition 3.3. A fc-bialgebra H measures a ^-algebra B if there exists a ^-module map • : 
H® k B^ B, such that h l B = e(h)l B and h ■ (bb') = (h^y b)(h {2) ■ b'), for heH,b,b' e B. 
A B- valued 2-cocycle on H is a fc-module map a : H ® k H — > B, such that a(l# ,h) = £(1//) Is = 
o(/z, 1#), for h E H, and 

(fyi) •o(fc( 1 ),m( 1 )))a(A(2),fc(2)/W(2)) =a(/z (1 ),fc (1 ))o(/z(2)fc(2),m), for h,k,m e //. 

The //-measured algebra 5 is a o-twisted H -module if in addition 

(*(i) • (*(i) -b))o(h(2),k(2)) = o(h^,k(y)(h(2)k(2)-b), for beB, h,ke H. 

Proposition 3.4. Consider a k-bialgebra H and an H -measured k-algebra B. Let o : H ® k H — ► 
B be a k-module map. The k-module B® k H is an algebra, with multiplication 

{b#h){b'#h') = b{h {l ybr)a{h {2) ,h! {1) )#h {3) hl 2) 

and unit element lg#l#, if and only if a is a B-valued 2-cocycle on H and B is a o-twisted 
H -module. This algebra is called the crossed product ofB with H, with respect to the cocycle 
o. It is denoted by B# a H. 

It is straightforward to see that a crossed product algebra B# a H is a right //-comodule algebra, 
with coaction given in terms of the coproduct A in H, as B ®£ A. What is more, B C B# a H is an 
extension by H. It is most natural to ask what //-extensions arise as crossed products. One im- 
plication in forthcoming Theorem [33] was proven first in ll24l Theorem 11]. Other implication 
was proven in [4, Theorem 1.18]. Since for a fc-bialgebra H also H CS>£ZZ is a fc-bialgebra, con- 
volution invertibility of a 5-valued 2-cocycle o on H is understood in the convolution algebra 
Hom k (H® k H,B). 

Theorem 3.5. An algebra extension B C A by a Hopf algebra H is a cleft extension if and 
only if A is isomorphic to B# a H, as a left B-module and right H-comodule algebra, for some 
convolution invertible B-valued 2-cocycle a on H. 

Another important aspect of cleft extensions is that they provide examples of Hopf Galois ex- 
tensions B CA, beyond the case when A is a faithfully fiat 5-module, when a Strong Structure 
Theorem holds. Recall that, for a fc-bialgebra H and its right comodule algebra A, right-right 
relative Hopf modules are right modules for the monoid A in M H . That is, right A-modules 
and right //-comodules M, such that the A-action M ®^ A — >• M is a right //-comodule map with 
respect to the diagonal //-coaction in M CS^A. Equivalently, the //-coaction M —> M® k H is a 
right A-module map with respect to the right A-action mM®^H given by the //-coaction in A. 
Clearly, for any right B := A coH -module N, the tensor product N <S>b A inherits a relative Hopf 
module structure of A. 

Theorem 3.6. For a cleft extension BCAby a Hopf algebra H, the category of right B-modules 
is equivalent to the category of right-right (H ,A)-relative Hopf modules, via the induction func- 
tor - ® B A : M B — > Mjf. 
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3.2 Cleft bicomodules for pure coring extensions 



The aim of the current section is to reformulate Definition 13.11 of a cleft extension by a Hopf 
algebra, using the Morita theory of pure coring extensions developed in iTTOll (see the corrected 
versions). This will allow us to place the results in Theorem 13 .21 and Theorem 13 .6l into a broader 
context. More importantly, it will provide us with a tool of generalizations in later sections. 
Observe first that, for a right comodule algebra A of a fc-bialgebra H, the tensor product C := 
A ®kH is an A-coring. The A -A bimodule structure is given in terms of the right //-coaction in 
A, p A : a i— > a[ ] ®> k a^, as 

a\(a®h)a2 '■= aiafl2[oi ® a 2\ih f° r «i,fl2 G A, a®hEA®H. 

h L J L J Ic fc 

The coproduct is A <g)* A : A <g)£# -> A (g^H %// = (A <S> k H) ® A (A® k H), determined by the 
coproduct A in H, and the counit is A <g> k £ : A ®^ H — > A, coming from the counit e in H. What 
is more, C is a right //-comodule via the coaction A A ; £ _> £ tgi^//. The coproduct in 
C is a right //-comodule map, that is, (the constituent coalgebra in) H is a right extension of 
C. Moreover, since for any right C -comodule M the equalizer (Q~|) in M k is split by the map 
M® k H® k £.:M® A C ®aC = M® k H® k H — ► M® A C = M <%//, it is preserved by any functor 
of domain M k . Therefore, H is pure right extension of C. Via the right regular A-action and 
coaction p A : A — > A ®^// = A ®a C, A is a right C -comodule. 

By the above motivation, we turn to a study of any L-coring T) , which is a pure right extension 
of an A-coring C, and an L-C bicomodule E. In [10, Proposition 3.1] to any such bicomodule 
E a Morita context M(E) was associated. In order to write it up explicitly, recall that by the 
purity assumption, E = ED C C is also a right ©-comodule. Put T := End c (E). It is an L-ring. 
Introduce the following index notations. For the coproduct in C, write c i— ► ®a . For the 
coproduct in <D , write d i— > di\\ ®l^(2)- F° r me C-coaction in E write x t— > x^ ®a%^ and for 
the corresponding ©-coaction in E write x t— > X[qj <8>l*[i]« In eacn case implicit summation is 
understood. Then 

M(E) = ( L Hom L (©,r) , c End v (c) op , L Hom 2 '(©,E) , Q , ♦ , 0), (19) 

where 

Q: ={^GAHom L (c,Hom A (E,A)) | c (1) ^(c (2) )(x) = ?(c)(/V 1] , Vx6E,c6C }. 

The algebra structures, bimodule structures and connecting homomorphisms are given by the 
following formulae. 

(vv')(d)=v(d (l) )V(d {2) ) 
(uu')(c) = u' (u(cj) 
(vp)(d) =v(d {1) )(p(d(2))) 
(pu)(d)=p(dfh c (u(p(d)W)) 
(qv)(c)=q(c [0] )v(c {1] ) 
(uq)(c) = q(u(c)) 

(q>p)(c)=cWq(c( 2 \ 0] ){p(c( 2 \ l] ))=q(c [0] ){p^ 
(pOq)(d)=p(d)Mq(p(d)W)(-), 
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for v,v' G L Hom L (<D,T), u,u' G ^End® (c), 7? G /Horn® (© ,E), q E Q, d & 'D and e£C. 
As it is explained in ifTOl Proposition 3.1], inspite of its involved form, the Morita context 
M(E) has a very simple origin. For any pure coring extension <D of C, there is a functor U : = 
— U C C:M C ^M' D . An L-C bicomodule E determines another functor V := Hom c (E, — ) (8>l 
2? : fTVf c — > 23 . In terms of natural transformations Nat( — , — ) between these functors, M(E) 
is isomorphic to the Morita context 

( Nat(V,V) , Nat(U,U) , Nat(V,£/) , Nat(£/,V) , • , o ), (20) 

where all algebra and bimodule structures and also the connecting maps are given by opposite 
composition of natural transformations. 

Let us compute the Morita context M(A) in our motivating example, coming from an al- 
gebra extension B C A by a fc-Hopf algebra H. We claim that it is isomorphic to a sub- 
Morita context of a (degenerate) Morita context, in which both algebras and both bimod- 
ules are equal (as ^-modules) to Hom k (H ,A), and all algebra structures, bimodule structures 
and connecting homomorphisms are given by the convolution product. Indeed, in the cur- 
rent case the fc-algebra L reduces to k and the coring (D reduces to the fc-coalgebra in H. The 
role of the bicomodule E is played by A and the endomorphism algebra T is isomorphic to 
the coinvariant subalgebra B = A coH . The A-coring C is equal to A ® k H. The isomorphism 
AHom(A ®kH,A) = Hom k (H ,A) induces an isomorphism 

Q £ {qeHom k (H,A) \q(h {2) ) [0] ®h {l) q(h {z) ) w =q(h)®l H , Wh G H } 
= {qeKom k (H,A) |?(%f q{h) {l] = q(h {2) )® S(h {l) ), WheH}. 

Thus we conclude that Q is isomorphic to Hom fl (H tw ,A), where H tw is the fc-module H, con- 
sidered to be a right //-comodule via the twisted coaction h \— > hm ®kS(h^). 
The monomorphism 

c End H (A®H) ^ A End H (A®H)=Hom k (H,A), u^u:= (A® e) o u o (1 A ® -) 

establishes an isomorphism (with inverse mi— > ( a® k h i— > au(h^) ® k h(2) )) from c End (A®//) 
to 

X := {MGHomjfc(H,A) | m(*(2))[0]?*(i)»(*(2))[i] = »(*(i))?*(2), VheH} 
= {ueUom k (H,A) \u(h) M ®u(h) m = u(h {2) )^S(h {l) )h {3h WheH}. 

So M(A) is isomorphic to the Morita context 

(Homjt(^,fi) , X , Hom w (//,A) , YLom H (H lw ,A) , ♦' , 0')- ( 21 ) 

A monomorphism of Morita contexts is given by the obvious inclusions Homyt(//,5) <— > 
Homfc(#,A),X Hom^(//,A), Hom w (//,A) Uom k (H 7 A), Hom H (H lw ,A) ^ Hom*(f/,A). 
Since it is well known (cf. Il23l Lemma 3.2]) that the convolution inverse of a right //-comodule 
map _/://—► A, if it exists, belongs to Hom tf (// rw ,A), we obtained the following reformulation 
of Definition [3J] 

Proposition 3.7. An algebra extension B CA by a Hopf algebra H is cleft if and only if there 
exist elements j G Hom H (H,A) and j G Hom H (H tw ,A) in the two bimodules in the Morita 
context ([27]) which are mapped by the connecting maps and ()' to the unit elements of the 
respective algebras in the Morita context. 
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Motivated by Proposition 13 .71 we impose following ifTOl Definition 5.1]. 

Definition 3.8. Let an L-coring <D be a pure right extension of an A-coring C . An L-C bicomod- 
ule E is said to be cleft provided that there exist elements j E ^Hom 11 (£> ,E) and j E Q in the 
two bimodules in the associated Morita context M(E) in (fT9l) . such that j 07 is equal to the unit 
element in the convolution algebra ^Rom^'D ,T) and j+ j is equal to the unit element in the 
other algebra c End® (c) op in the Morita context M(E). We say that j and j are mutual inverses 
inM(E). 

In the forthcoming sections we will define cleft extensions B C A by coalgebras, corings and 
pure Hopf algebroids, by finding an appropriate coring extension and requiring A to be a cleft 
bicomodule for it in the sense of Definition 13 .81 

In the rest of this section we recall some results from |[T0l about cleft bicomodules, extending 
Theorem 13 .21 and Theorem 13 .61 

Theorem 3.9. Consider an L-coring CD which is a pure right extension of an A-coring C. For 
an L-C bicomodule E, put T := End c (E). The bicomodule E is cleft if and only if the following 
hold. 

(1) The natural transformation of functors Ma M c 

can : Hom A (E, -)<8>E -® C, cm N :Q> N ®x^ $ N (xW) ®x® (22) 
is a natural isomorphism. 

(2) The normal basis property holds, i.e. Z = T ' ®l £> as left T -modules right r D-comodules. 

Proof. (Sketch.) Let us use the index notations introduced in the paragraph preceding (IT9T ). If 
E is a cleft bicomodule then the inverse of the natural transformation (|22|) can be constructed in 
terms of the mutually inverse elements j and j in the two bimodules of the Morita context (fT9l) : 

can^ 1 :iV®C^Hom A (E,AO®E, n®c^nj{c p] ){-)®j{c {l] ). 

This proves property (1). In order to verify property (2), a left T-module right ©-comodule 
isomorphism K : E — > T ®l £> is constructed as x h- > *[o]^ j( x [o]^)(~) ®L^[i]> with the inverse 
t® L d^t{j{d)). 

Conversely, if (|22)) is a natural isomorphism and K : E — >• T ®l ?> is an isomorphism of left 
T-modules and right !D-comodules, then the required mutually inverse elements in the two 
bimodules of the Morita context (TT9| ) are given by 

j:=K-\l T ®-) and J:= [Hom A (E,A)® (r®e D ) ok] o C an A 1 , 

respectively, where is the counit in the coring T> . 

For more details we refer to [10, Theorem 3.6]. □ 

A right C-comodule E, for which (l22l) is a natural isomorphism, was termed a Galois comodule 
in ll36l . Note that if E is a finitely generated and projective right A-module then ((22)) is a natural 
isomorphism if and only if can A is bijective. Hence a right comodule algebra A of a Hopf 
algebra H is a Galois comodule for the canonical A-coring A <S>kH if and only if A coH C A is an 
//-Galois extension. Thus Theorem 13 .91 extends Theorem 13 .2[ 
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Theorem 3.10. Consider an L-coring T> which is a pure right extension of an A-coring C. Take 
a cleft L-C bicomodule E and put T := End c (E). If there exist finite sets, {v;} C ^Hom^© , T) 
and {dj} C T> satisfying Y,i v i{di) = It, then the category of right T-modules is equivalent to 
the category of right C-comodules, via the induction functor — (gijE : fW> — > M c ■ 

Proof. (Sketch.) The induction functor — <g>r E : Mt — ► 5lf c possesses a right adjoint, the 
functor Horn'- (E, — ). The counit of the adjunction is given by evaluation, 

n M :Hom c (E,M)®E^M, (p M <S>x h+ y M (x), 

for any right C-comodule M. Denote the right C-coaction in M by m k m'°] ®^ ml 1 ' and the 
corresponding (via the isomorphism M = MD C C) ©-coaction by m w mr ] If E is 

a cleft bicomodule then the inverse of the counit can be constructed in terms of the mutually 
inverse elements j and j in the two bimodules of the Morita context (Tl9l) : 

n M \m) :=m [0] [°]7Ho] [1] )(-)f y'Hi]) = can^V° ] f 

where in the last expression the natural isomorphism (l22l) appears (cf. Theorem [3T9b . 
The unit of the adjunction is 

u N : A^Hom c (E,Af®E), n i-> ( x i-» n®x ) , 

for any right T -module N. Any element q of the bimodule Q in the Morita context (IT9T ) deter- 
mines a map (D g : E — > T, t3^(x) = x[°^(x[ 1 ])(— ). In terms of the mutually inverse elements y 
and j in the two bimodules of the Morita context (fl9l) . and the finite sets {v,} C iHomi(2) , r) 
and { di] C © in the Theorem, the inverse of the unit is constructed as 

^HW:=E[(^0/)°W((vi(4(l))(;%)))). 

For more details we refer to Theorem 4. 1 , Theorem 2.6 and Proposition 4.3 in ifTOl . □ 

If B C A is a cleft extension by a Hopf algebra H, then there exist one-element sets satisfying 
the condition in Theorem 13 .101 Indeed, for v one can choose the counit in H and for d the unit 
element in H. Thus Theorem 13.101 extends Theorem 13 .61 

3.3 Cleft extensions by coalgebras 

Consider a coalgebra (C, A,e) over a commutative ring k. The cleft property of a C-extension 
B CA appeared first in a more restricted form in ifPTl (and was related to a crossed product with 
a coalgebra in |[T2l ). The definition we use here was introduced in lfT3l . and studied further in 
HI and ll20l . The aim of this section is to reformulate the definition of the cleft property of a C- 
extension B C A in the spirit of Definition [XH That is, we want to see that a C-extension B CA 
is cleft if and only if A is a cleft bicomodule for an appropriate pure coring extension. With the 
experience of Hopf algebra cleft extensions in mind, the obvious candidate is the coalgebra C 
to be a pure right extension of an A-coring A (g)^ C. Note however, that A <g>£ C is not an A-coring 
without further assumptions. By lTT4l Proposition 2.2], C := A®^C is an A-coring (with the 
left regular A-module of the first factor, coproduct A <g>£ A and counit A 0^ £) if and only if the 
algebra A and the coalgebra C are entwined. Furthermore, in this case, A is an entwined module 
(i.e. a right C-comodule) if and only if the (given) C-coaction on A is a right A-module map 
A — > C. In light of |[T3l Proposition 2.3 (1) <^ (2)], the following is an equivalent formulation 
of the definition of a cleft coalgebra extension in [TT~3i p. 293]. 
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Definition 3.11. Let (C, A,e) be a fc-coalgebra and B C A be an algebra extension by C. The 
C-extension B C A is said to be C-cleft provided that the following properties hold. 

(1) C := A ®jt C is an A-coring, with coproduct A <S>k A and counit A £g>£ 8, the left regular A- 
module structure of the first factor and a right A-module structure such that the C-coaction in A 
is a right A-module map A — > C . 

(2) There exists a convolution invertible right C-comodule map j : C — > A, the so called cleaving 
map. 

Following iTTOl Proposition 6.1] reveals the relation of Definition 13 . 1 1 1 to Definition 13 .81 

Proposition 3.12. Let (C,A,e) be a k-coalgebra and B C A an extension of algebras. The 
algebra extension B C A is C-cleft if and only if the following conditions hold. 

(1) C := A®kC is an A-coring (with the left regular A-module of the first factor, coproduct 
A ®k A and counit A ®k e), hence C is a pure right extension of C. 

(2) The right regular A-module extends to a cleft bicomodule for the coring extension C of C. 

(3) B = A coC . 

Proof. (Sketch.) A is a right C-comodule if and only if it is a right C-comodule such that the 
coaction is a right A-module map A — > C. By definition, B = A coC if and only if B C A is 
an extension by C. Analogously to (|2T|) . the Morita context M(A), corresponding to the k-C 
bicomodule A via (fT9l) . is isomorphic to 

(Hom*(C,fi) , X , Hom c (C,A) 0'), 

where 

Q! = {qeUom k (C,A)\(l A ^c {1) )q(c {2) )=q(c)l A[0] ^l A[l] , Vc G C } and 
X' = {%€Uom k (C,A)\(l A ®c {l) )ti(c i 2 ) ) = u{c w )®c ( 2 ) , VceC}, 

and all algebra and bimodule structures and also the connecting maps and 0' are given by the 
convolution product. Thus the claim follows by HI Lemma 4.7 1.], stating that the convolution 
inverse of j G Hom c (C,A), if it exists, belongs to Q' . □ 

By application of Theorem 13.91 we recover a characterization of C-cleft extensions in the last 
paragraph of Section 4 in 03, El Theorem 4.9 1.^3.] or J20l Theorem 4.5 1)^3)]. 

Theorem 3.13. An algebra extension B C A by a k-coalgebra C is cleft if and only if it is a 
C -Galois extension and the normal basis property holds, i.e. A = B®kCas left B-modules right 
C-comodules. 

Application of Theorem 13 . 1 01 yields the following. 

Theorem 3.14. Consider a k-coalgebra C and a C-cleft algebra extension B C A. If there exist 
finite sets, {v,} C Hom^(C,5) and {dj} C C satisfying £,v,(<i ; ) = Is, then the category of right 
B-modules is equivalent to the category of right comodules for the A-coring C :=A<S>kC, via 
the induction functor — ®sA : Mb — > M c . 

Consider a /:-coalgebra (C, A, e) and an algebra extension B C A by C. If there exists a grouplike 
element in C then it is mapped by the ^-module map e(— )1 b '■ C — » B to lg. Hence Theorem l3.14l 
extends HI Theorem 4.9 l.=^2.] or [20, Theorem 4.5 1)=^2)]. However, it goes beyond the 
quoted theorems. The premises of Theorem 13.141 clearly hold whenever the counit of C is 
surjective, e.g. if C is a faithfully flat ^-module (cf. 01 Theorem 4.9 l.=^>5.]). 
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3.4 Cleft extensions by corings 



Motivated by Proposition 13.71 and Proposition 13.121 we propose the following definition of a 
cleft extension by a coring. 

Definition 3.15. Let (2>, A,e) be an i?-coring and BCAan extension of algebras. The algebra 
extension B C A is said to be £> -cleft provided that the following conditions hold. 

(1) C : = A®R r D is an A-coring (with the left regular A-module structure of the first factor, 
coproduct A ®r A and counit A ®r £), hence the coring © is a pure right extension of C. 

(2) The right regular A-module extends to a cleft bicomodule for the coring extension T> of C. 

(3) B=A co ®. 

Note that, for an R-ring (A,/j,T|) and an ^-coring (©,A,e), the fc-module gHomg(£>,A) is a 
fc-algebra via the convolution product 

(f,g) ^V°(f®g) o A, forf,ge R Hom R (<D,A), 

and unit element r\ o£. In parallel to Proposition I3.12[ following iTTOl Proposition 6.4] charac- 
terises those algebra extensions by an ^-coring <D which are T) -cleft. 

Proposition 3.16. Let (p , A,e) be an R-coring and B C A be an algebra extension by (D. The 
<D -extension B C A is T> -cleft (with respect to the given T> -comodule structure of A) if and only 
if the following conditions hold. 

(1) C := A ®r 2) is an A-coring, with coproduct A <S>r A and counit A ®g £, the left regular A- 
module structure of the first factor and a right A-module structure such that the T> -coaction in 
A is a right A-module map A — ► C. 

(2) B is an R-subring of A. 

(3) There exists a convolution invertible left R-module, right <D -comodule map j : <D —>A. 
Theorem 13 . 91 implies the following theorem. 

Theorem 3.17. An algebra extension B C A by an R-coring £> is cleft if and only if it is a f D- 
Galois extension and the normal basis property holds, i.e. A = B ®^ <D as left B-modules right 
T> -comodules. 

The following theorem is a consequence of Theorem 13 .101 

Theorem 3.18. Consider an R-coring T> and a <D -cleft algebra extension B C A. If there exist 
finite sets, {v,} C ^Hom^ (£> ,5) and {dj} C D satisfying Y,i v i(di) = lg, then the category of 
right B-modules is equivalent to the category of right comodules for the A-coring C : = A®r'D, 
via the induction functor — ®gA : Mb — »■ c ■ 

An algebra extension B C A by a right 7?-bialgebroid H is said to be J{ -cleft provided that it is 
a cleft extension by the coring underlying ^ . Via the canonical isomorphism M ®rH = M ®a 
A ®rH, for any right A-module M, right comodules for the A-coring A ®rH are identified with 
right modules for the monoid A in M 91 . They are called (right-right) relative Hopf modules. 
Since the unit element in the algebra H is grouplike, Theorem 13. 1 81 implies that, for an H- 
cleft algebra extension B C A, the functor — ®g A is an equivalence from the category of right 
.B-modules to the category 94.^ of right-right relative Hopf modules. 
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3.5 Cleft extensions by pure Hopf algebroids 



As we have seen in Section 12.51 a Hopf algebroid incorporates two coring (and bialgebroid) 
structures. Along the lines in Section [3~4l one can consider cleft extensions by either one of 
them. However, it turns out that there is a third, more useful notion of a cleft extension by 
a Hopf algebroid. It is more useful in the following sense. First, it is the notion for which - 
analogously to the case of Hopf algebras - the total algebra of a Hopf algebroid H is an H -cleft 
extension of the base algebra. Second, this definition of a cleft extension by a Hopf algebroid 
allows one to extend Theorem 13.51 to algebra extensions by Hopf algebroids. This definition 
was proposed in J8l Corrigendum}. 

Definition 3.19. Let 0< be any (not necessarily pure) Hopf algebroid, with structure maps de- 
noted as in Definition 12 .181 We say that an ^-extension B C A is cleft provided that the follow- 
ing properties are obeyed. 

(1) In addition to its i?-ring structure V[r : R — > A, A is also an L-ring, with some unit map 
r\ L :L->A. 

(2) B is an L-subring of A. 

(3) There exist morphisms j 6 /Honr^ (H,A) and j E ^Hom^(//,A), such that 

^°(j®j) oA ^ = r lL oe L, and A'L°(j®j) oA L = %°ei?, 

where fit and /jr denote the multiplications in A, as an L-ring and as an 7?-ring, respectively. 
The module structures in H are determined by the respective coring structures and the module 
structures in A are determined by the respective ring structures (see the proof of Proposition l3.2ll 
below). 

We divide our study of cleft extensions by Hopf algebroids into two parts. In this section 
we restrict to pure Hopf algebroids. Under this restriction, we can apply the methods and 
results from Section l3~2l Treatment of the general case, i.e. cleft extensions by arbitrary Hopf 
algebroids, requiring some new technics, is left to next Section [3T6l 

Consider a Hopf algebroid H with constituent left bialgebroid over a base algebra L, right 
bialgebroid Mr over a base algebra R, and antipde S. Take a right -comodule algebra A with 
#/e-coaction a i— > <S>r and ^-coaction a i— > a pi <8>l«[i], related via ([8]). The comodule 
algebra A determines an A-coring Cr :=A®rH, with A-A bimodule structure 

ai(a®h)a2 = a]_aa2^®ha 2 ^\ for ai,a 2 £ A, a®h 6 A®H. (23) 

R R R R 

Using the notations in Definition ^. 181 the coproduct in Cr is A ®r Ar and the counit is A <&r 
£r. Obviously, by coassociativity of A^, Cr is a Cr-O-Cr bicomodule, via the left C^-coaction 
provided by the coproduct in Cr and right ^-coaction A 0rAr. That is to say, the ^-coring 
(H,Ar,£r) is a right extension of Cr. But we have more: by the Hopf algebroid axiom (ii) 
in Definition 12.181 Cr is also a Cr-^l bicomodule, via the left C^-coaction provided by the 
coproduct in Cr and right ^-coaction A ®r Al. Thus also the L-coring (H,Al,El) underlying 
9(l is a right extension of Cr. 

Lemma 3.20. Consider a Hopf algebroid , with structure maps denoted as in Definition \2.18\ 
and a right 9{ -comodule algebra A. If 9{ is a pure Hopf algebroid then ( the coring underlying) 
"Hl is a pure extension of the A-coring Cr'.= A®rH. 
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Proof. By the isomorphism 

W® a Cr = W® r H, (24) 

for any right A-module W, right comodules for Cr are identified with right A-modules and right 
^-comodules M, such that the i^-coactionM —>M®rH is a right A-module map with respect 
to the A-action of the codomain arising from the isomorphism (l24l) . 

If H is a pure Hopf algebroid then in particular the equalizer (fT6l) in Ml is H ®i //-pure, for 
any 0?-comodule M. By the isomorphism (|24l) . this means H ®l //-purity of the equalizer 

M ^M®Cr 

A 

in that is, purity of the coring extension in the claim. □ 

Analogously to Proposition [3T7l one proves following [10, Proposition 6.6]. It tells us that, for a 
pure Hopf algebroid ?f and an algebra extension B C A by 9{ , the right Oe-comodule A extends 
to a cleft bicomodule for the coring extension Hl of Cr, introduced above, if and only if B C A 
is an ^ -cleft extension in the sense of [[8l Definition 3.5] (recalled in Definition 12. 1 81 below). 
Recall that a right comodule algebra A of a Hopf algebroid H is in particular an /?-ring, with 
unit map t\r : R — > A, over the base algebra R of the constituent right bialgebroid in J{ . 

Proposition 3.21. Consider a pure Hopf algebroid with constituent left bialgebroid Ml over 
a base algebra L and right bialgebroid Hr over a base algebra R, and an algebra extension 
B C A by The right Cr :=A®r H -comodule A extends to a cleft bicomodule for the coring 
extension 9(l of Cr if and only ifB C A is an 9{ -cleft extension. 

Proof. (Sketch.) Since 0-C is a pure Hopf algebroid, A is a right 0-C -comodule algebra if and 
only if A is a right ^-comodule algebra, in which case it is a right C^-comodule as well. The 
right Ctf -comodule A extends to an L-Cr bicomodule if and only if it is also a left L- module 
such that the left L-action is a right A-module map and a right ^-comodule map. The left 
L-action is a right A-module map if and only if there exists an algebra map r|L : L — > A in terms 
of which the left action by / G L on A is given by left multiplication by t\l(1)- The left L-action 
is a right ^-comodule map if and only if T|l(0 £ B, for all I E L. Hence properties (1) and (2) 
in Definition 13 . 1 91 are equivalent to A being an L-Cr bicomodule. 

Analogously to (I2TT) . the Morita context M(A), corresponding the the L-Cr bicomodule A via 
(TT9l) . is isomorphic to 

( L Hom L (//,£) , X , L Hom^ (H,A) , LO pHom* (H tw ,A) , , <>') ■ (25) 

The (co)module structures in d25l) need to be explained. Let us use the notations introduced 
in, and after Definition 12.181 and in the paragraph after Definition 12.201 An element v G 
^Hom^ (//,/?) is a bimodule map with respect to the actions 

v{s L {l)t L {l')h) = y\ L {l)v{h)T\ L {l') , for 1,1' EL, he H. (26) 

As a ^-module, 

X = {ue R Uom R (H : A) | u(hW)W®h^u(hW)W=u(h^)®h( 2 \ V/iG//}, (27) 

R R 

where u G ^Hom^(//,A) is a bimodule map with respect to the actions 

u(hs R (r)t R (r'))=T}R(r')u(h)r [ R(r), for r, / G R, h G H. (28) 



M®Cr®Cr 
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In ^Hom (H,A), H is a left L-module via si, and A is a left L-module via r\ L . Note that the 
coproducts in M are left L-module maps and (since B is an L-ring by definition) so are the H- 
coactions in A. Thus both H and A are L-M bicomodules. Since an element p £ ^Honr^ (H,A) 
is a comodule map with respect to the regular ^-coactions, it is R-R bilinear in the sense that 
p(sR(r)hsR(r')) = T)^(r) p(h)r\R(r') , for h £ H and r,r ; £ R. In particular, p is an L-R bimodule 
map with respect to the actions 

p{s L {l)hs R {r))=x\ L {l)p{h)r\ R {r) : for h £//,/£ L, r £ 7?. (29) 

In L opHom w (# m ',A), fl* 1 " is the same k- module H. It is considered to be a left L op -module 
via ti, and A is a left L op -module via right multiplication by r\i. H tw is a right 7?-module 
via t R , a right L-module via t R o e R o f L , and a right M -comodule via the twisted ^-coaction 
h i— > /z( 2 ) ®R-S(h(i}) and i^-coaction /j i— > M 2 ) Note that both the twisted coactions in 

/f fw and the H -coactions in A are left L^'-module maps, thus both H tw and A are L op -9{ bico- 
modules. An element q £ ^Hom^ (// rw ,A) is R-R bilinear in the sense that q(t R (r)ht R (r J )) = 
r\R(r')q(h)r\R(r) , for h E H and r, r' £ 7?. In particular, q is an i?-L bimodule map with respect 
to the actions 

q(t L (l)ht R (r))=r\ R (r)q(h)r\ L (l), for h £ H, I £ L, r £ R. (30) 

With the bimodule structures ([26]), ([28]), ([29]) and ([30]) in mind, in the Morita context ([25]) all 
algebra and bimodule structures and also the connecting maps and <>' can be written as a 
generalized convolution product in (8] Section 3]: 

if,g) ^M Q o (/f 8)oAq, for P, Q,S £ {L,R}, f £ P Hom Q {H,A), g G e Hom 5 (//,A), 

where /jg denotes multiplication in (the Q-ring) A. Thus the equivalence of the cleft property 
of the L-Cr bicomodule A and property (3) in Definition 13.191 follows by [OH Lemmata 3.7 and 
3.8], stating that the (generalized) convolution inverse of j £ ^Horn^ (H,A), if it exists, belongs 
to LO pHom^(// rw ,A). □ 

In the same way as Definition 13.191 of a cleft extension by a Hopf algebroid 9-( combines the 
two bialgebroids in M , so does the following analogue of Theorem l3.2[ which is a consequence 
of Theorem |3 .91 It was proven for arbitrary Hopf algebroids in [[8] Theorem 3.12] (see Theo- 
rem [326]). 

Theorem 3.22. Consider a pure Hopf algebroid M with constituent left bialgebroid Ml over a 
base algebra L and right bialgebroid Mr over a base algebra R. An algebra extension B CAby 
M is cleft if and only if the following properties hold. 

(1) The extension B C A is M R -Galois. 

(2) The normal basis property holds, i. e. A = B ®l H, as left B-modules and right M -comodules. 

Since the unit element of the algebra underlying a Hopf algebroid M is grouplike, Theorem l3.10l 
implies the following Strong Structure Theorem. Recall that, for a right i# -comodule algebra A, 
a right-right (M , A) -relative Hopf module is defined as a right module of the monoid A in M ^ . 
If M is a pure Hopf algebroid then an (M ,A)-relative Hopf module is is canonically identified 
with a right comodule for the A-coring (l23l . 

Theorem 3.23. For a cleft algebra extension B C A by a pure Hopf algebroid M , the category 
of right B-modules is equivalent to the category of right-right relative Hopf modules, via 
the induction functor — ®bA : — > . 

A generalization of Theorem 13 .23 1 for any Hopf algebroid is given in Theorem (3^27] 
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3.6 Cleft extensions by arbitrary Hopf algebroids 



In Section l331 we applied the theory of cleft bicomodules of pure coring extensions to study cleft 
extensions by pure Hopf algebroids. In Definition 13 .191 the cleft property of algebra extensions 
by arbitrary Hopf algebroids was defined. The aim of the current section is to show that also the 
definition of any Hopf algebroid cleft extension in Definition 13 .191 is equivalent to the existence 
of mutually inverse elements in the Morita context (1251) . which is perfectly meaningful for any 
Hopf algebroid. Although derivation of the the Morita context (1251) in the general case below 
is very similar to the methods in the previous sections, it is not known to correspond to any 
coring extension. In the final part of the section we describe cleft extensions of arbitrary Hopf 
algebroids as crossed products with invertible cocycles, extending in this way Theorem [331 



For an arbitrary Hopf algebroid H and a right i^-comodule algebra A, the coring extension in 
Lemma 13.201 is not known to be pure. Hence a cotensor-functor — D Cr Cr : 94 Cr — > 94 ^ L is not 
available to derive the Morita context used in the previous section. However, if we assume that 
there is an algebra map X[i from the base algebra L of the constituent left bialgebroid Hl to B := 
pcoH R q ^ fa en we are e q U ipp e( j w jt n f WO functors from the category 94^ of right A-modules 

in 94 91 to 94 * : The forgetful functor U and V : = (-) co ^« ® L H. (Recall from the proof of 
Corollary [Z22] that (-) co ^« ^ Honrf s (A,-) = Homjf (A,-) and, since for M £ 94 f , M co!Hr 
is a right 5-module and B is an L-ring, M co91r is a right L-module.) Clearly, if H is a pure Hopf 
algebroid then U and V differ by trivial isomorphisms from the respective functors — D Cr Cr 
and Hom fR (A, — ) ®iH : 94 Cr ^ 94 ^ L . The following proposition is a detailed version of an 
observation in OH Corrigendum]. 

Proposition 3.24. Let y{ be a Hopf algebroid with structure maps denoted as in Definition ^. 18\ 
and B C A be an 9i -extension. Assume that there exists an algebra map r\i . L ^ B = A coJ{r 
and consider the above functors U and V from 94^ to 94 ^ . The corresponding Morita context 
rt20l) is isomorphic to the Morita context (|25]). 

Proof. The four maps establishing the stated isomorphism of Morita contexts are very similar 
to those in the proof of ifTOl Proposition 3.1]: 



CCi : L Hom L (H,B) Nat(V, V) , v i-> [<$> V M : M coHr ® l H -> M coHr ® l H, 



a l 1 
a 2 

a 3 

i 



a 3 
a 4 



Nat(V,V)^ L Hom L (H,B), <t> » (B® L e L )(<l> A (l B ® L -)); 

X->Nat(U,U), «h [Z U M :M^M, m — m [) u(m 1 )]; 



Nat(£7, U)-*X E^(A® R £ R ) (Z a ® rH (1 a <g>« -)); 

L Hom^ (H,A) Nat(V, U), p ^ [& P M : M C0 * R ® L H ^M,n® L h^ np(h)} ; 

Nat(V, U) -> L Hom^ (H,A), ^ A ( \ B ® L -) ; 

LopYiom* (H tw ,A) -> Nat(£/, V ) , # ^ [flj^ : M -> M co ** ® L H, 

m i ► m [0] <•/(/» „ 1 ) ®z,m[i]]; 
a 4 1 : Nat(£7, V) L »,Hom* (tf fvv ,A), Q h-> (A ® L e L ) (^a®«f(U ®tf -)) • 



By the L-L bilinearity of v, ® V M is a well defined map M coHr ® l H -> M® L H. Since M coJ{r 
is a right 5-module and the range of v is in 5, the range of 4>]^ is in M coHr ®l # as needed. 
By the right H -colinearity of the coproduct in 9(i, 4>]^ is right .W-colinear. Naturality of 
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4> v is obvious. In order to see that oci is a ring map, compute for n ®l h E M coHr ®lH and 
v,v' e L nom L (H,B), 



M 



{n®h) = nr[ L (£ L (h {l) ))®h {2) =n®s L (h w ))h {2) =n®h; 



(&MoQ&)(n®h) = nv'(h {l) )v(h {2) )®h {3) =n(v'v)(h {l) )® h {2) =<^{n®h). 

In the converse direction, for 4> E Nat(V, V), <t> A is right i#-colinear hence in particular right 
L- linear. Since also the ^-counit £^ is right L- linear, so is af 1 (4>). In order to see that ocf 1 (4>) 
is also left L- linear, note that for any M E and n E M coHr , the map 

A^M, av-^na (31) 

is a morphism in . Thus by naturality of 4>, 

<5> M (nb®h) =n<f> A (b®h), for n E M coHr , b® L h E B® L H. (32) 

Applying it to M = A, we conclude that <& A is left 5-linear thus in particular left L-linear. This 
proves the left L-linearity of a^ l (^>). By the right L-linearity of v E zHom^(// ,B) and the 
counitality of A L , for all h EH, 

,-l 



(a, oai)(v)(/z) = v(h {l) )e L (h {2) ) = v(h). 



In order to see that af 1 is also the right inverse of oci, use the right i^-colinearity of <t> A , i-e. 
the identity (B® L A L ) o<t> A = (<t> A <g> L H) o {B®lAl), ( m the second equality) and (1321) (in the 
last equality), for n® L hE M co * R ® L H: 

(oci oaf 1 )(3>)(n ®h) = n(B®e L ) (<P A (l B ®h {1) )) ®h {2) = n<P A (l B ®h) = & M (n®h). 

By the left 7?-linearity of u EX, Z U M is a well defined map M — > M. In order to check the Hr- 
colinearity of Z U M , use the ^-colinearity of the A-action on M and the defining condition (1271) 
ofZ: 

for all m E M. We conclude by Proposition 12.211 that Z U M is right H -colinear. Naturality of S" 
is obvious. In order to check that a 2 is a ring map, compute for m E M, u, u' E X, 

Zl RO£R (m) = mt% R (E R (m^))=m; 
{Z u M oZi){m) = /,,%'(/,,^%(/,, V(/,, 2 )' ) 

= mfV(mW)«(m[ 2 ]) = m^(u ; u)(m^) = Z u M u (m), 



where in the first equality of the last line we used (1271) . 

In the converse direction, for S E Nat(£/,f/), Z a ^ r h is right ^"-colinear hence in particular 
right i?-linear. Since also the i^-counit Zr is right i?-linear, so is a 2 l (Z). For any right A- 
module W, W ®rH is an object in , via the iW-comodule structure of the second factor 
(both coproducts Al and A R are left i?-linear) and the right A-action (w ®r h)a = wa^ ®r W 1 ' . 
Moreover, for any w E W, the map 

A®H ^>W®H, a®h^wa®h (33) 

R R R R 
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is a morphism in 94. ^ . Thus by the naturality of S, 

Z w ® r h (wa ®h) = wZ a ® rH (a®h), for w £ W, a ® h e A <8> H. (34) 

a K a a 

Applying it to W = A, we conclude that EA® fi ff is left A-linear hence in particular left 7?-linear. 
This proves the left i?-linearity of Ct^ (S). In order to see that ct^ (S) belongs to X, observe 
that for any M £ , the ^-coaction M — > M ® R H, m*-> ^m' 1 ! is a morphism in 94 ^ . 
Thus by the naturality of S, 

S M (m)^®Sj tf (i»)W = EM® Jl H(in t0] fOT [1] ), form£M. (35) 

Applying (l34b for W = A (g>#H (in the second equality), (|35j for M = A® R H (in the third 
equality) and the right i^-colinearity of Za® r h (in the last equality), one computes for h £ //, 

^(S)^ 2 ))! ! ® ^V^X^)™ = (l A ®h^)(A®e R )(Z A0RH (l A ®h^)) 

- (A®//®^)(S A8r// ® s //(1a®^ (1) ®^ (2) )) 

= ((A®H® en)o(A®A R ))(2 A9RH (l A ®h)) = Z A ® RH (l A ®h) 

= {(A®£ R ®H)o(A®A R ))(Z A ®MU®h)) 

= a 2 l (Z)(l A ®h^)®hW. 

Making use of dTTl) . the right i?-linearity of u £ X and the counitality of , we see that for all 
heH, 

(oc 2 1 oa 2 )(u)(h) = u(h®)l% R (£ R (hWu(h®)W)) = u(hW)r\ R (e R (hW)) = u(h). 

Using (1341) (in the second equality) and (1351) (in the third equality) one checks that for S £ 
Nat(f/,f/) and m £ M, also 

(a 2 oa- 1 )(S)(m) = (M®e s )(m' ls A8sfl (l^mW)) = (M^^SM^fm^ml 1 ])) 
= Z M (m) [0] r\ R (£ R (Z M (m) [l] )) =S M (m). 

By the left L- linearity of p £ iHom" (H,A), 0^ is a well defined map. By the right 9{- 
colinearity of p, <d p M is i^-colinear. Naturality of is obvious. Compatibility of OC3 with the 
bimodule structures is checked by the following simple computations, for p £ ^Hom^(i/,A), 
v £ L Hom L (//,5), u £ X and n® L h £ M C0 ^ R ® L #. 

(e^o^)(n®/i) = nv(h {l) )p(h {2) )=n(vp)(h) = ® v 1 p (n®h); 

{Z u M o® p M ){n®h) = np(h)l%(p(h)W) =np(hW)u(h®)=n(pu)(h)=® P M(n®h). 

In the converse direction, using that (1311) is a morphism in 94 ^ , the naturality of £ Nat(V, U) 
implies that 

® M (nb®h) =n® A (b®h), for n £ M co:Hr , b®h £ fl<8>#. (36) 

In particular, A is left 5-linear hence in particular left L-linear. This proves that a^ ! (0) is 
left L-linear. By the right H -colinearity of A , aj (©) is right i^-colinear. It is an immediate 
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consequence of the construction of OC3 and 0C3 that (0C3 o CLs)(p) = p, for p G /.Horn (H,A). 
It follows easily by d36]) that also (a 3 oa 3 ')(0)= ©, for G Nat(V, Z7). 
By the left L" p -, and the left iMinearity of q G ^Hom^ (H tw ,A), Q. q M is a well defined map 
M — > M ®iH. In order to see that the range of CL q M is in M co!Hr ®lH, as needed, check that 
ml°l?(mW) G M coMr , for any M G fM"/^ and m G M: 

(m[°^(mW)) [0] f (m[°^(mW)) [1] =m[°] ? (m[ 2 ])t°]®m[ 1 ]g(m[ 2 ])t 1 ] 

= m^q{m^\ 2) )®m^S{m^\ l) ) = m^q(m^\ 2) )®m^ {1) W S(m^ {1) {Z) ) 
= m^q(m^\ 2) )® SL (e L (m^ {1) )) 

= m[°^(m[ 1 l (2) )ri /; (£ /; (5 L (£ L (m[ 1 ] (1) ))))®l // = m[ ^(m[ 1 ])®l // . (37) 

In the first equality we used the right ^-colinearity of the A-action on M. In the second equality 
we used the right i^-colinearity of q. In the third equality we used the right ^-colinearity of 
the i^-coproduct Ar. The fourth equality follows by the second one of the antipode axioms (iv) 
in Definition al 81 In the penultimate equality we applied the Hopf algebroid axiom tRoe R osi = 
sl, cf. Definition 12. 181 (1). The same Hopf algebroid axiom t R oe R osi = si is applied again in 
the last equality, together with the right 7?-linearity of q and the counitality of A^. By the right 
^-colinearity of the ^L-coaction on M, CL q M is right ^/-colinear. Naturality of Cl q is obvious. 
The compatibility of OC4 with the bimodule structures is checked by the following computations, 
for v G L Uom L (H,B), u<EX,q<E ppHom^ (H m \A) and m G M: 

($m°^m)W = W[o] t0] 9(«to] [1] )v(«[i])f m [2 ] = m^q(m^ {1) )v(m^\ 2) )® mN (3) 
= m^(qv){m^ {l) )®m^\ 2) = mp} \qv){m ]f ^)®m [l] = ft£(m); 

= (m[°] M (m[ 1 ])) [0 ^((m[°] M (m[ 1 ])) [1] (1) ) f (m[°] M (mW)) [11 (2) 

= w[ ]«(w[ 2 ])[°]g((mWM(«[ 2 ])W) (1) )®(wWM(in[ 2 ])W) (2) 

= m^%{m^)q{m^\ l) )®m^\ 2) = m^%(m^\ l) {1) )q(m^\ 1) {2) )®m^\ 2) 
= m^iuq)^^)® mW (2) =m [0] ^{uq){m [0] ^ m (1] = Q%{m). 

In the second and penultimate equalities of both computations we used the right 5^-colinearity 
of the right ^-coaction on M. In the third equality of the second computation we used the 
right ^-colinearity of the A-action on M and coassociativity of the ^-coaction. In the fourth 
equality (|27T) has been used and in the fifth equality we made use of the right ^-colinearity of 
A*. 

In the definition of 0C4 1 the isomorphism 
W _> (W®H) C0 **, w^w® l H ; (W®H) co ** -> W, J>/<§> h ^ J>Tl*(e* (/**)) (38) 

is implicitly used, for W G Ma- This isomorphism induces a right 5-action on (W ®H) cof{R , 
as (Y,iWi®hi)b = Y*i w ib®hi (meaningful in light of Remark [2. 1 61) . In particular, since B is 

R _ R 

an L-ring, (l38l) is a right L-module isomorphism. For Q. G Nat(C/,V), the map n^g^// is right 
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^-colinear hence in particular right L- linear. Since also £^ is right L- linear, so is 0C7 (£2). For 
any rGi?, the map A® R H — > A® R H, a®Rh^ a®RtR(r)h is a morphism in fW/^. Hence it 
follows by the naturality of Sl that a 4 1 (Sl) is right 7?-linear. Since the right i^-coaction on any 
M E is a morphism in , naturality of Sl implies 

Sl M mH(m [0] ®m^) = Sl M (m) EM0H, for mEM, (39) 

R L 

where the isomorphism (1381) is implicitly used. Applying M ®l El to both sides and using the 
isomorphism (1381) . it follows that 

((M®Hy o *«®e I )(a M0RH (mM®mW)) = (M®e L )(Sl M (m))®l H , formGM, (40) 

as elements of (M ® r H) co!H:h CM®//. Moreover, using that (|33T) is a morphism in and 
the naturality of Sl, it follows that for any right A -module W, 

Q.w® R H{wa®h) = wQ. A ® R H{a®h), for w EW, a®h EA®H. (41) 

R R R R 

Combining (gO} forM = A®rH, and (gQ for W = A 0^ we obtain that 

a 4 1 (Sl) (h) m H = a 4 l (Sl) (h^) ^®h^a 4 l (Sl) (ft( 2 ))M . (42) 

By the right i?-linearity of a 4 1 (Sl) and the Hopf algebroid axiom t R oe R osL = sl, it follows 
that for I E L and h EH, a 4 1 (Sl)(st(l)h) ®r 1# = a 4 l (Sl)(h) ®rsl(1). Thus the expression 
a 4 1 (Sl)(h^) <%>LS(hn\) is meaningful, and with identity ([42]) at hand, it satisfies 

a 4 l (Sl)(h {2) )®S(h {1) ) = aj 1 ^)^)®)^®^!))^^^ 1 ^)^)^)! 1 ] 

= a 4 1 (^(/,( 2 ))[°]®5(^ 1 ) (1) )/,( 1 ) (2) a 4 1 (^)(/ J ( 2 ))[ 1 ] 

= a4 1 (n)(^ 2 ))M®j ii (e ii (/iW))a4 1 (Q)(/i (2) ) [1] 

= (^(^(M 1 )))^^^^^))! 01 ®^^^^ 1 )))^^^)^^)) 111 

In the first equality we used (|42l) and in the second one we used the right ^-colinearity of A^. 
The third equality follows by the first one of the antipode axioms in Definition 12.1 8r iv) . In the 
penultimate equality we used that by the right ^-linearity and unitality the ^-coaction on A, it 
follows that r|fl(r)[°] ®Rr\ R (r)^ = l A ®RSR(r), for any r ER, and that the multiplication in A is 
a right i^-comodule map. The last equality follows by noting that by (|4TI) the map SI a ® r h is 
left A-linear, hence a 4 1 (SI) is left ^-linear in the sense that, for r E R and h E H, 

T]R(r)a 4 l (Sl)(h) = (A®£ L )(Sl A ® RH (Mr)®h)) 

= (A®£ L )(a A ® RH (l A ®ht R (r)))=a 4 1 (Sl)(ht R (r)). 

This proves that a 4 1 (SI) is right ^-colinear, hence right iW-colinear by Proposition 12.2 II By 
the right ^-colinearity of q E z°pHom (H tw ,A), the right ^L-colinearity of Ar, the second 
antipode axiom in Definition I2.18r iv). the Hopf algebroid axiom sl = tR o e R o $l in Defini- 
tion [2J~8ti), the left i?-linearity of q and counitality of A^, for any h E H, 

(l A ®hW)q(h®) = q(h^)^^h^q(h^p=q(h^ 2 \ 2) )®h^S(h^\ l) ) 

= <l(h {2) )®h {l) Ws(h {l) W) = q(h {2) )®s L (E L (h {l) )) = q(h) <8> l H - 
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That is, using the isomorphism (1381) . we conclude that h {Ia ®Rh) = ®l^(2)- With 

this identity at hand, by the right L-linearity of q and counitality of the coproduct in Hi,, it 
follows that (aj 1 o 04)^) = q. On the other hand, by (14TT) . (l39l) and the right ^-colinearity of 
for O. E Nat(t/, V) and m E M, 



It remains to check the compatibility of the constructed isomorphisms with the connecting maps 
of both Morita contexts. For p E L Hom^ (H,A) and q E L ^Hom^ (H tw ,A), mEM and n® L hE 
M co ^<g> L tf, 



= mW(q*'p)(mW) = 2$' p {my, 
(a q M o® p M )(n®h) = np(h) [0] %(p(h) [0] ^ ® pW,!, =np(/ ?(1) ( 1 ))^ (1) ( 2 ))f ft (2) 

= n(pO / «)(A(i))®*(2)=*£?' € (n®*). 



Proposition 13 .241 justifies that (l20l) is a well defined Morita context, for any Hopf algebroid H 
and right H -comodule algebra A such that there is an algebra map from the base algebra L of the 
constituent left bialgebroid Ml to the ^-coinvariant subalgebra B of A. In light of [8 , Lemmata 
3.7 and 3.8], the existence of mutually inverse elements in the isomorphic Morita contexts in 
Proposition 13.241 is equivalent to the cleft property of the H -extension B C A in the sense of 
Definition [3~T9i 

Example 3.25. Proposition 13.241 implies in particular that, for any Hopf algebroid H with 
constituent left bialgebroid over a base algebra L and right bialgebroid 9(r over a base 
algebra R, the H -extension LCH, given by the source map sl in 9(l (equivalently, the extension 
R°p C H, given by the target map tR in Hr), is !rt -cleft. Indeed, the unit of the 7?-ring H is 
the source map sr in Hr. H is an L-ring via the source map in and the coinvariants 
L = { Si{l) \ I E L } = { tR(r) I r E R } (cf. Example 12.291 (1)) form an L-subring by axiom 
(i) in Definition 12.181 Mutually inverse elements in the corresponding Morita context (1251) are 
provided by j, the identity map H of the total algebra, and j, the antipode S in M , cf . axiom 
(iv) in Definition [HE 

A generalization of Theorem 13.221 to arbitrary Hopf algebroids was obtained in [8, Theorem 



Theorem 3.26. For any Hopf algebroid H, an H -extension B CA is H -cleft if and only if the 
following assertions hold. 

(1) The canonical map cslur in 4731) is bijective. 

(2) There exists a left B-linear and right !H -colinear isomorphism A=B ®lH (where B ®lH 
is a left B-module via the first factor and a right H -comodule via the second factor). 



(a 4 oa 4 l )(Q.) M (m) 



m m W(A®£ L )(n A ® RH (l A ®m [0] W))®m {l] 

(M^e L )(a M 9RH(m M ^m [0] ^))® m[1] 

(M®Z L ®H)(ei M (m m )®m {l] ) 

((M®E L ®H) o (Mf Al)) (a M (m)) = a M (m). 



This completes the proof. 



□ 



3.12]: 
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Proof. (Sketch.) Assume first that B C A is an -cleft extension, i.e. there exist mutually 
inverse elements j E LHoirr^ (H,A) and j E L^Hom^ {H tw ,A) in the Morita context (f25l) . 
The inverse of can ? is given by 

can R l (a®h)=aJ(h {l) )® j(h {2) ). 

By the R-L bilinearity of J (cf. C32>) and the left L-linearity of j (cf. <[29])), there is a left 
i?-module map H — > A®lA, /z i-> j'(hn\) ®l 7(^(2))- Composing it with the canonical (left 
i?-linear) epimorphism A ®lA — > A ®bA, we conclude that the map can^ 1 is well defined. 
A left 5-linear and right 9-( -colinear isomorphism is given by the mutually inverse maps 

k: A ^B®H, a^a [0] [0] J(a [0] N)® a {l] and K _1 : B®H — >A, b®h 1— >• bj{h). 

Recall from (1371) that K has the required range. 

Conversely, assume that can/; is bijective and there exists a left 5-linear and right i# -colinear 
isomorphism K : A — > 5 ■ Then mutually inverse elements j G /Hoirr^ (//,A) and j E 
L»pHom^ (# fw ,A) in the Morita context (23) are given by 

7 := k_1 (1a®-) !■■= (A®(B®e l )ok)(cwi r \1 a ®-)). 

□ 

Theorem 13.231 extends to arbitrary Hopf algebroids as follows, see iTTOl Corrigendum]. 

Theorem 3.27. Let 9-( be a Hopf algebroid and B C A be an J-C -cleft extension. Then there is 
an equivalence functor — ®bA : Mb — > . 

Proof. Consider a cleaving map j E /Honr^ (H,A) and its inverse j E wHom^ (H tw ,A) in the 
Morita context (1251) . 

For any right 5-module W, W ®gA is an object in M^ via the A-action and the ^-coactions 
on the second factor. The resulting functor — ®bA : Mb — > M^ is left adjoint of the Hr- 
coinvariants functor (— ) co **« ■ <m; Bj where the 5-action on M co91r is induced by the 

A-action on M E M^ . The counit and the unit of the adjunction are given by 

c M : M coHr ® A -> Af, n®a^na, forMEMf; 

B B A 

e w :W ^(W®A) cof{R , w^w®\ A , for WEM B . 

B B 

The map cm is a morphism in by Corollary 12.221 We prove that — ®bA : Mb — > M^ is 
an equivalence by constructing the inverse of the above natural transformations. 
The inverse of cm is given by the map 

c M \m) = m^n R \\ A ®m^) = m^J(m^ {l) )® j(m^ (2) ) = m [0] MJ(m^)® j( m[1] ), 

where we used that can# is an isomorphism, cf. Theorem 13.261 The third equality follows by 
the right i^-colinearity of the ^-coaction on M. By (ITTT) . the range of c M l is in M cot{R ®bA, 
as needed. For mEM, and n %a E M co9{r ® b A, 

{c M oc M X ){m) = m[ ]J(m[ 1 ] (1) )7(m[ 1 ] (2) )=m[ ]5^(e^(m[ 1 l))=m; 
{c M l oc M )(n®a) = na [0] cm R \\ A ®a [1] )=ncm R \a [0] ®a [1] )=n®a, 
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where the left A-linearity and the explicit form of cam? is used. 
The inverse of ew is given by 

i i 

By (1371) . j(a^) belongs to B, for any a G A, and by the ##-colinearity of j and the unitality 
of the right j^-coproduct Ar, the element /(Iff) belongs to B as well. Hence the expression of 
e w l is meaningful. Obviously, (e w l o ew){w) = w, for all w <EW. To check that e^ 1 is also the 

right inverse of ew, note that for w,- ®b a,- G (V7 ®gA) co ^ R the identity I^-vv; ®b «| ®tf «| = 
EjWj ®b «i ®w Iff holds, which implies 

(ew o ^ ) (£ w/ f a/) = £ w^ ' J(a| 1] ) /( \ H ) ® l H =£ Wi ®a?%P)j(l H ) =£ Wi ® ai . 

i i i i 

□ 

Remark 3.28. Since by Example 13 .251 the total algebra of any Hopf algebroid 9( is an !H -cleft 
extension of the base algebra L, Theorem l3.27l implies. in particular, that for any Hopf algebroid 
H , there is an equivalence functor — ®lH: Ml — > . This yields a corrected version of the 
Fundamental Theorem of Hopf modules, Theorem 4.2]. 

Regrettably, the proof of the journal version of [5, Theorem 4.2] turned out to be incorrect: 
When checking that the to-be-inverse of the counit of the adjunction has the required range, 
some ill-defined maps are used. Hence in the given (stronger form) [5, Theorem 4.2] is not 
justified. The journal version of jH Theorem 4.2] becomes justified only under some further 
purity assumption, see the revised arXiv version. 

It remains to extend Theorem [33] to algebra extensions by a Hopf algebroid. This requires first 
to understand the construction of a crossed product with a bialgebroid. The following notions, 
introduced in [8, Definitions 4.1 and 4.2] extend Definition 13.31 For the coproduct in a left 
L-bialgebroid M , evaluated on an element h, the index notation A(h) = htu ®Lh(2) 1S used. 

Definition 3.29. A left L-bialgebroid H, with L®^L op -rmg structure (H,s,t) and L-coring 
structure (H,A,E), measures an L-ring B with unit map i : L — > B if there exists a ^-module map 
• : H ®i B — ► B, the so called measuring, such that, for h G H, I G L and b,b' G B, 

(1) /z-l S =lo£(/z)lg, 

(2) (t(l)h)-b=(h-b)l(l) and (s(l)h)-b = x(l)(h-b), 

(3) h-(bb') = (h {l yb)(h {2 yb>). 

A 5-valued 2-cocycle on H is a fc-module map a : H ®ip P H — > B (where the right and left 
L op -module structures in H are given via t), such that, for h,k,m£ H and / G L, 

(4) o(s(l)h,k)=i(l)o(h,k) and o(t(l)h,k) = o(h,k)i(l), 

(5) (h {iy i(l))c(h {2) ,k)=o(h,s(l)k), 

(6) o(lff,fc)=ioe(lff) =a(h,l H ), 

(7) (/? (1) •a(fc( 1) ,m (1) ))o(/z(2),fc(2)m( 2 )) =a(/z (1) ,fc (1 ))o(/z (2 )fc(2),m). 

The ^-measured L-ring B is a o-twisted H -module if in addition, for b E B and h,k<E H, 

(8) lff-6 = Z>, 

(9) (/?(!) • (*(!) •fc))o(fc( 2 ),*(2)) = o(fc(i),fc(i))(fc( 2 )*(2) 

Note that condition (3) makes sense in view of (2). Conditions (7) and (9) make sense in view 
of (2), (4) and (5). 
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Similarly to Proposition 13 .41 the reader can easily verify following [8, Proposition 4.3]. 

Proposition 3.30. Consider a left L-bialgebroid H and an H -measured L-ring B. Let o : 
H ®l°p H — > B be a k-module map satisfying properties (4) and (5) in Definition \3.29\ Take the 
L-module tensor product B ®lH, where H is a left L-module via the source map. The k-module 
B®lH is a k-algebra with multiplication 

(b#h){b'#h') = b(h {l) - b')<5(h {2) ,h' {l) )#h {3) h' {2) 

and unit element lg#l#, if and only if o is a B-valued 2-cocycle on 9{ and B is a o-twisted 
9{ -module. This algebra is called the crossed product ofB with 9{ with respect to the cocycle 
c. It is denoted by B# a ?{. 

Similarly to the case of a crossed product with a bialgebra, a crossed product algebra B# a ^i 
with a left L-bialgebroid Hl is a right ^-comodule algebra. The coaction is given in terms 
of the coproduct A^ in H as B ®l Al- What is more, B C B# a 9{i is an extension by 9Cl. If 
Hl is a constituent left bialgebroid in a Hopf algebroid, then B C B# a ^i is an H -extension, 
with respect to the ^/-comodule structure on B# a ^L induced by the two coproducts in H . 
Analogously to the Hopf algebra case, we ask what ^-extensions arise as crossed products. 
Following Theorem 13 . 3 21 (extending Theorem 13 .51) was proven in [8, Theorems 4.11 and 4.12]. 
Before stating it, we need to recall from j8l Definition 4.8] what is meant by invertibility of a B- 
valued 2-cocycle on H . In contrast to the bialgebra case, it can not be formulated as convolution 
invertibility. For its interpretation as invertibility in an appropriately chosen category, see 
Definition 4.28]. 

Definition 3.31. Let H be a left L-bialgebroid, with L ®£ L op -r'mg structure (H,s,t) and L- 
coring structure (H , A, £) , and let i : L — > B be an L-ring, measured by H . A 5-valued 2-cocycle 
a on H is invertible if there exists a ^-linear map a : H®lH —> B (where the L-module structures 
on H are given by s), satisfying for all h,k E H and I E L, 

(1) a(s(l)h,k) = i(l)a(h,k) and a(t(l)h,k) = a(h,k)i(l), 

(2) 6(h {1) ,k)(h m -l(l)) = o(h,t(l)k), 

(3) a(/j( 1 ),fe( 1 ))d(/j( 2 ),fe(2)) =h-(k- l s ) and a(h^,k^)a(h(2),k^)) =hk-l B . 
Conditions in (3) make sense in view of (1) and (2). A map 6 is called an inverse of o. 

Theorem 3.32. An algebra extension B C A by a Hopf algebroid K is a cleft extension if and 
only if A is isomorphic, as a left B-module and right 9{ -comodule algebra, to B# a !Hi, a crossed 
product of B with the constituent left bialgebroid Ml in 9( with respect to some invertible B- 
valued 2-cocycle o on H . 

Proof. (Sketch.) For the two coproducts A^ and A^ in 9{ we use the two versions of Sweedler's 
index notation introduced after Definition 12.181 In order to show that the -extension B C 
B# a Hi is cleft, one constructs the inverse of the L-9{ bicomodule map j : H — > B# q ^l, h i— > 
\s#h in the Morita context ((251) . It has the explicit form 

j(h) := d(S(fc(i))(i),fy 2 ))#S(fc(i))(2). 

In the converse direction, starting with an 9{ -cleft extension B CA, one constructs a measuring 
of on B and an invertible 5-valued 2-cocycle on ?(l in terms of the cleaving map j and its 
inverse j in the Morita context (1251) . Explicitly, 

h.b:=j(hW)bj(hW), a(h,k):=j(hW)j(k^)J(h( 2 h^). 
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The 2-cocycle a is proven to be invertible by constructing an inverse 

a(h,k) = j(h^)J(k^)J(h^). 

An isomorphism A — > B#0<i of left 5-modules and right i^-comodule algebras is given by the 
map K in the proof of Theorem 13 .261 

For more details we refer to (HI Theorems 4. 1 1 and 4. 12]. □ 
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